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STABILITY AND INSTABILITY OF THE 
EINSTEIN-LICHNEROWICZ CONSTRAINT SYSTEM 


BRUNO PREMOSELLI 


Abstract. We investigate the relevance of the conformal method by investi¬ 
gating stability issues for the Einstein-Lichnerowicz conformal constraint sys¬ 
tem in a nonlinear scalar-field setting. We prove the stability of the system 
with respect to arbitrary perturbations of generic focusing physics data on 
closed locally conformally fiat manifolds, in any dimension. We also show that 
our stability result is sharp by constructing explicit instability examples when 
its assumptions are not satisfied. Our results apply to a more general class of 
constraint-like systems. 


1. Introduction 


The constraint equations arise in General Relativity, in the analysis of the initial- 
value problem for the Einstein equations. Given a n-manifold M, n > 3, and 
a potential V - a smooth function in R - in a nonlinear scalar-field setting the 
constraint equations write as follows: 


E(g) + (tr^A)2 - || A||? = + |VV;|? + 2VW, 

V^K^j - Vi(trgA) = 7fVii/>. 


The unknowns of (C_) are the Riemannian metric g in M, K a (2,0)-symmetric 


tensor field and ip and if two functions in M, representing the scalar-field and 
its future-directed temporal derivative. Also, V is the Levi-Givita connection of 
g and R{g) is its scalar curvature. A solution {g,K,ijj,TT) of 0 is called an 
initial data set. This terminology has its roots in the celebrated well-posedness 
results of Choquet-Bruhat [20] and Choquet-Bruhat-Geroch |9], that assert that 
every initial data set ( 5 , A, i/i, if) possesses a unique maximal globally hyperbolic 
spacetime development {A4, satisfying the Einstein scalar-field equations. The 
system (C_ I is therefore of paramount importance in General Relativity since it is 


a necessary and sufficient condition for the resolution of the Einstein equations. 
Furthermore, addressing the resolution of (C_ ) exactly amounts to determining the 
initial data set of the evolution. 


One of the most successful techniques developed to overcome the underdeter- 
is the conformal method. Initiated by Lichnerowicz [32| and 

into a deter¬ 


mination of (C_ 


improved by Choquet-Bruhat and York uni, it aims at turning 


mined system by parametrizing the unknowns in terms of prescribed background 
physics data. We will assume from now on that M is a closed manifold - that 
is, compact without boundary - endowed with a reference Riemannian metric g. 
We let a potential V and {ip, tt, t, a) be fixed physics data in M, where ip, tt, t are 
functions and tr is a traceless and divergence-free (2, 0) symmetric tensor in M. We 
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look for solutions of 0 under the following parametrization: 

{g,K,tjj,n) = + CgW),ip,if~^Tr^, (1.1) 

where </? > 0 is a positive function in M, Ifo is a field of l-forms and 

CgW,, = + Wj,, - ^ (divgVl^) g,, (1.2) 

is the conformal Killing derivative of W. As easily checked, {g, K, ijj, if) given by 
(inD solves 0 if and only if ((p, W) solves the following Einstein-Lichnerowicz 
conformal constraint system of physics data D = {if, it, t, a) and V. Namely: 




4(n — 1) 

n — 2 

)> ^ ^ 

AglK =-Vr — 7rV'0 . 


(\a + CgW\l + TT^) 




2* + l 


(Cd) 


In \Cd\ , the coefficients express in terms of the physics data as: 


npf _ 1 

7^p = R{g) -\Vif\l , Br,^y = ^Viif) -r^. (1.3) 

^ n 

Also, 2* = is the critical exponent for the embedding of the Sobolev space 
H^{M) into Lebesgue spaces, Ag = —divg(V-) is the Laplace-Beltrami operator 
and Ag is the Lame operator acting on 1-forms: 


AgW = -dWgiCgW). 

Since M is closed, the operator ^g is elliptic and self-adjoint on AM and possesses 
the usual regularizing fetaures of elliptic operators. Fields of 1-forms W satisfying 
CgW = 0 in M will be called conformal Killing 1-forms, see (12.31) below. System 
( |C*j)D is in particular invariant up to the addition of any conformal Killing 1-form 
to W. In the following we shall therefore always considers solutions {p, W) of \Cd\ 
up to conformal Killing 1-forms, that is we shall assume that W is L^-orthogonal 
to the space of such conformal Killing 1-forms. 


The conformal method, starting from given physics data, generates initial data 
sets that consequently provide us with space-time developments. The whole proce¬ 
dure can be summed up in the following 3-steps construction, that we shall call the 
Choquet-Bruhat-Geroch-Lichnerowicz (CBGL) formalism: 


Freely chosen physics data {if, n, t, a) and V 
Solution(s) ((/?, W) of ( |C*j)D 


Initial data set(s) ( g, K, if, tt 


Step 1: Solving \Cd\ 

Step 2: Parametrization CH) 

Step 3: Existence result [9] 


Maximal space-time development(s) (Al,/i,'L) 


Space-times obtained via the latter construction capture the features of the specific 
initial data sets {g, K, if, tt) obtained through the conformal method. Investigating 
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the validity of the conformal method therefore reduces to the investigation of the 
physical relevance of the CBGL formalism. We address it here through the following 
fundamental question: 

Question: is the CBGL formalism robust with respect to the initial choice of the 
physics data {'tjj,TT,T,a) and V of the conformal method? 

More specifically, we do not expect minor perturbations of the physics data 
{if, TT, T, cr) and V to create dramatic changes in the geometry of the resulting space- 
times. In the 3-steps CBGL construction, once an initial data set {g,K,ip,TT) 
is given, continuity for Step 3 is ensured by the notion of Cauchy stability (see 
Ringstrom, [36)1. Clearly, Step 2 is continuous. Hence, the crucial point lies in the 
proof of the continuity of Step 1. Proving the robustness of the CBGL formalism 
and of the conformal method therefore boils down to proving the stability of sys¬ 
tem \Cd \ , that is the continuous dependence of the set of solutions of ( |C_dD on the 
choice of the physics data {if, tt, t, a) and V. 

We introduce the following terminology: we shall say that physics data V and 
{if, TT, T, cr) are 

focusing if > 0 in M and defocusing if < 0 in M, (1-4) 

where Br,,p,v is as in ()1.3I1 . 

In the present work we establish the stability of system \Cd\ in strong topologies 
with respect to arbitrary perturbations of focusing physics data on locally confor¬ 
mally flat manifolds, in any dimension. It is the content of our main result: 


Theorem 1.1. Let {M,g) be a closed locally conformally fiat Riemannian manifold 
of dimension n > 3. Consider a smooth potential V and smooth physics data 
D = {if,'!r,T,a). Assume that the data are focusing as in (11.41) and that tt ^ 0. If 
n > 6, assume in addition that r and if have no common critical points in M. Let 
{Va)a and {Da)a, Da = {ifa,T^a,Ta,cra)a be scqucnces of potentials and of physics 
data converging respectively to V and D in the following topology: 

\\Va-V\\c'^ + \\Ta-T\\c3+\\lpa-'>f\\c-^ + \\T^a-T^\\c° + \Wa-(^\\c° -1 0. (1.5) 

a^+oo 


Consider {ipa,Wa)a, > 0, a sequence of solutions of the Einstein-Lichnerowicz 
constraints system of physics data Da and Va: 


2 ^qL’ol “b — Bra^jijjcxjVoil^a ~b 


A^gWai; 




~^gWa = - 


n — 1 


{Cd^) 


’Ll, '^Ta - TTaVlfo 


where the coefficients express as in (lESl). Then, up to a subsequence and up to 
conformal Killing 1-forms, the sequence {ipa,Wa)a converges in C^'^{M), for any 
0 < r] < 1, to some solution {ipQ, Wq), (po > 0, of the limiting Einstein-Lichnerowicz 
constraints system of equations 


Theorem 11.11 is also a compactness result. It establishes in particular that se¬ 
quences of solutions of dCEl ) for perturbations of given physics data do not blow-up. 
Although not explicitly stated in Theorem 11.11 the result still holds true if we also 
allow perturbations of the geometry of M in the locally conformally flat category in 





4 


BRUNO PREMOSELLI 


strong topologies. The consequence of Theorem ll.ll in terms of the CBGL formalism 
is as follows: 

Corollary 1.2. The CBGL formalism is stable with respect to the choice of generic 
focusing initial data {ip,'K,T,u) and V in any locally conformally flat geometry in 
M. 

The focusing case investigated here and defined in (El covers the general physi¬ 
cal setting where nontrivial nongravitational data are considered. Among the promi¬ 
nent cases allowed one finds for instance the positive cosmological constant case or 
the nontrivial Klein-Gordon field case. Note that in small dimensions Theorem 
II.II only requires the non-staticness assumption tt ^ 0 while in dimensions n > 6 
stability is ensured by a higher order stationarity condition on the scalar-held ip 
and the mean curvature r. These assumptions are in particular generic on the set 
of all focusing physics data {ip, tt, t, a) and V. 

Obviously, solutions of (El) exist, at least in some cases. Partial existence 
results for the vacuum defocusing case were obtained in Isenberg [5S], Holst-Nagy- 
Tsogtgerel [28], Maxwell [33] and Dahl-Gicquaud-Humbert m- Only recently the 
more involved focusing case, which is the case of interest in Theorem ll.il has been 
addressed: we refer to Hebey-Pacard-Pollack [25], Premoselli [SS] [34] and Holst- 
Meier m- Stability results for system (El) had been obtained in specihc cases, 
see Druet-Hebey [E], Premoselli [33] and Druet-Premoselli [H]. Note also that, 
unlike all the known existence results. Theorem [IT] requires no smallness assump¬ 
tions on the physics data and allows, in full generality, the manifold M to possess 
non-trivial conformal Killing 1-forms in M. As a remark, for geometric nonlinear 
critical elliptic equations, low-regularity perturbations of the metric and/or of the 
coefficients may lead to the existence of blowing-up sequences of solutions. See for 
instance Berti-Malchiodi [3], Druet-Laurain [13] and Druet-Hebey-Laurain [T3] for 
examples of such phenomena for nonlinear stationary Schrddinger equations. In 
dimensions 3, the convergence of (Va)a and {Da)a can be lowered from to . 

Note also that, since system dCjiD is elliptic, as the regularity of the convergence 
of {Da)a to D and of {VoP)a to V increases, the regularity of convergence of the solu¬ 
tions increases accordingly. For physics data converging in C°°{M) the convergence 
of solutions in Theorem 11.11 holds in C°°{M) too. 

Let us point out one important fact. We are investigating here a specific notion 
of elliptic stability (see Hebey [24] for a reference in book form), which turns out to 
be particularly well-suited for the conformal method and the CBGL construction. 
As already noticed, in our setting, the notion precisely measures the robustness of 
the GBGL construction with respect to the choice of the upstream physics data of 
the problem. There are other very natural (and more historical) notions of stabil¬ 
ity which arise when investigating the stability of specific solutions of the Einstein 
equations. There is a huge litterature in this deep direction. Without pretend¬ 
ing to be exhaustive, we mention the groundbreaking global nonlinear stability of 
the Minkowski space-time by Ghristodoulou-Klainerman [11] (see also Klainerman- 
Nicolo m or Lindblad-Rodnianski [38]) and refer to Dafermos-Rodnianski [12] and 
the references therein for a detailed account of the existing work on the problem of 
the stability of black holes. 
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The proof of Theorem 11.11 goes through the proof of a stability result for a gen¬ 
eral class of constraint-like systems, see (EH) and Theorem o in section [2] below. 
The proof proceeds by contradiction and requires an involved asymptotic analysis 
of blowing-up sequences of solutions of EH around concentration points. In Sec¬ 
tion [3] we isolate the regions of M where loss of compactness may occur and we 
show that concentration points do not actually appear in M. The proof of this fact 
- that concludes the proof of Theorem 11.11 - crucially relies on an accurate point- 
wise asymptotic description of the behavior of blowing-up sequences of solutions 
around concentration points. Such an asymptotic description is by far the core 
of the analysis in this paper and, for the sake of clarity, is postponed to Section |4l 
Unlike in the fully decoupled case (where Vr = 0), treated in Druet-Hebey [15] and 
Premoselli [34], obtaining a sharp pointwise description of blowing-up sequences of 
dCpI ) in full generality as we do here requires an involved simultaneous analysis of 
the defects of compactness that occur in each of the two equations of and of 

their interactions. We perform this analysis in Section|4| Finally, section[5]is aimed 
at showing that the assumptions of Theorem 12.II below are sharp and is concerned 
with the construction of blowing-up sequences of solutions of constraint-like systems 
of equations, and sections |6| to ID gather some technical results used throughout the 
paper. 


2. A PDF FRAMEWORK 


We investigate the Einstein-Lichnerowicz conformal constraint system in 

an elliptic PDE framework and prove a general stability result for an extended 
class of constraint-like systems. We consider (M, g) a closed locally conformally 
flat manifold of dimension n > 3 and consider a sequence {ua, Wa)a of solutions of: 


lgW^=ul^X^ + Y^, 




( 2 . 1 ) 


with Ua > 0 in M, where 

aaiWa)=ba + \Ua+CgWa\l, 

hajfonba are smooth functions in M, Xa,Ya are smooth 1-forms in M and Ua is 
a smooth symmetric (2,0) tensor field in M. Here, as before, 2* = Ag = 
-diVg(V-), 

CgW^j = V,Wg + VgW, - ^(diVgW)^^- 
and = —divg [Cg-). We assume that there holds 


{ha, fa,ba,Ua, Xa, Ya)a^ {ho,fo, ^0, Aq, Wq, To) (2.2) 

as a —>■ oo, where all the convergences take place in C^{M) except the convergence 
of {fa)a and (Aro,)o, to /o and Xq which take place in C^{M). We assume in addition 
that Ag -I- ho is coercive and that /o > 0. 


We let Kg denote the set of conformal Killing 1-forms in M : 

Kg = {W € H^{M) si CgW = (2.3) 

where H^{M) denotes the usual Sobolev space on 1-forms. Since the only quantity 
depending on Wa that appears in system EH is CgWa the system is invariant 
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under the addition to Wa of elements of Kg. In the following we may therefore 
consider sequences of solutions {ua,Wa)a up to conformal Killing 1-forms, that is 
we may assume that Wa is orthogonal to Kg for the L^-scalar product. 

Our main result is an a priori boundedness result: 


Theorem 2.1. Let {ha, fa,ba,Ua 7 Xa,Ya)a be a, sequence of coefficients, converg¬ 
ing to some limiting coefficients {Hq, fQ,bo,Uo,Xo,Yo), and satisfying the conver¬ 
gence conditions of (12.2p . Assume that Ag + ho is coercive and that /o > 0 m M. 
// 3 < n < 5, assume that either bo ^ 0 or |Xo|g > 0 m M. If n > 6, assume that 
Xq and V/o have no common zero or, if they do, assume that there holds at these 
zeroes: 

ho < -^^)hi{g) - C{n)f-^Agfo, (2.4) 

where C{n) denotes some positive constant only depending on n explicitly given in 
(I4.120p below, and R{g) is the scalar curvature of g. Let {ua,Wa)a be a sequence of 
solutions of (EH). Let 0 < r] < 1. There exists then a positive constant Cfr]) that 
does not depend on a such that, up to a subsequence and up to conformal Killing 
1 -forms, 

\\Ua\\L’=°(M) + ||l^a||cU'((M) < C {t]) , 


for all a. 


The limiting system associated to EH-EH is: 

f AgUo + hoUo = /oWg ^ + (bo + \Uo + Uq ^ 

{ ^ , (2-5) 

[ AgWo = ul Xo + Yo. 

As a consequence of Theorem 12.II we have the following compactness result: 

Corollary 2.2. Under the assumptions of Theorem \2.1\ there holds: 

(1) either ||ua||L“(M) —t 0 as a —>■ oo, in which case bo = 0, diVgUo = Yo in M 
and, up to a subsequence and up to conformal Killing 1-forms, Wa —t Wq 
in C^’^{M) for any 0 < ry < 1, where AgWo = Yo in M, 

(2) or ||uQ,||Loo(jvf) 74 0 as a —>■ 00 . In this case, up to a subsequence and 
up to conformal Killing 1-forms, {ua,Wa) —t (mq, Wg) in C^''^{M) for any 
0 < ?7 < 1 with uo > 0 in M, where (ug, Wo) is a solution of the limiting 
system EH- 


In both cases {ua,Wa) converges to a solution of the limiting system, even if it 
is somewhat degenerate in the first case. 


Proof. Assume that the first alternative holds. By standard elliptic theory, up to 
conformal Killing 1-forms, Wa —t Wg in C^’'^{M) where AgWo = Yq. Let Ga be 
the Green function of the operator Ag -\- ha in M. It is uniformly positive thanks 
to ()2.2I1 and since Ag -\- ho is coercive (see Robert [37]). A Green’s formula on the 
scalar equation gives, for some positive constant C: 

P J (ba + \Ua Y CgWa\^ dVg 

which shows that bo = 0 and Ua + CgWa —>■ 0 in Lf{M). Passing to the limit we 
obtain div^t/g = Yg. 
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In the second case, if \\ua\\L’^(M) 7 ^ 0, the Harnack inequality as stated in Section 
| 6 ] shows that infM Ua > -^ for some positive constant C. The C'^’''(M)-bounds on 
Ua and Wa therefore follow by standard elliptic theory in each equation. □ 

Note that if the assumptions of Theorem 12.11 are satisfied the second alternative 
in Corollary 12.21 holds in dimensions 3 < n < 5. 

Compactness and stability results for elliptic PDEs have a long time history. A 
major result was the complete proof of the compactness of the Yamabe equation 
by Khuri-Marques-Schoen [80] together with its dimensional limitation by Brendle 
[B] and Brendle-Marques [?]■ Note that an equation can be compact but unstable, 
that is, sensitive to changes of the parameters in the equation. General references 
on the stability of elliptic PDEs are by Druet [a, Druet-Hebey-Robert m and 
Hebey [a ■ The specific case of the Einstein-Lichnerowicz equation is addressed in 
Druet-Hebey Hebey-Veronelli [55] and Premoselli |84) . 

Theorem [Q leaves open the question of stability when its assumptions are not 
satisfied. The reason for this is that they are sharp. As shown in Section [5] below, 
whenever the assumptions of Theorem l2.1l are not satisfied we can construct blowing- 
up sequences of solutions of m- 

Theorem 2.3. For any n > 3, when we contradict the assumptions bo ^ 0 and 
(1^ . there exist examples of smooth closed Riemannian n-manifolds (M, g) and 
of sequences of coefficients {ha, fa,ba,Ua, Xa,Ya)^ converging to some limiting 
coefficients {ho, fo,bo,Uo, Xo,Yo) as in (12.21) with Uq ^ 0 and Xo ^ 0, and there 
exist sequences {ua,Wa)a of solutions of eu) such that supj\.^ Ua —>■ -l-oo as a 
+ 00 . 

The precise statements gathered in Theorem 12.31 are given in Section [5l 

Theorem 12.11 highlights a dimensional hiatus in the behavior of (12.11) . In di¬ 
mensions 3 < n < 5, the assumption 60 ^ 0 ensures that any sequence {ua)a of 
solutions blows up with a (hypothetic) nonzero limit profile (compare with Proposi¬ 
tion [52 where blowing-up sequences with zero limit profiles are constructed). Such 
an a priori property is crucially used in the blow-up analysis to control the radius 
of extension of the defects of compactness of the sequence {ua, Wa)a- Conversely, 
when n > 6 or Xq never vanishes, estimations of the extension radius are directly 
obtained in the analysis. Also, Theorem 12.11 requires {M, g) to be locally confor¬ 
mally flat. This assumption is crucial in our approach at this stage to get uniform 
estimates on the Green 1-forms of the operator Ag with Neumann boundary con¬ 
ditions on small balls. If g is not locally conformally flat, the Kernel of Cg on 
small balls degenerates and this leads to a possible loss of compactness which is not 
quantifiable with the existing blow-up techniques. 

3. Proof of Theorem 12.11 

We let {M, g) be a closed locally conformally flat manifold of dimension n > 3 
and we let {ua, Wa)a be a sequence of solutions of (ED) on {M,g) with > 0 in 
M. Assume that (lO) holds. To prove Theorem 1 2. II it is enough to show that there 
exists some positive constant C such that 

\\Ua\\L°°{M) < C. 
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Indeed, since the system (EB is invariant up to adding to Wa elements of (12. if 
we assume Wa to be orthogonal to Kg as in (j2.3ll there holds, by standard elliptic 
theory for the second equation (see Section 0, that II II(Af) — for all 
0 < 77 < 1, for some positive constant C'. We proceed by contradiction and assume 
thus that there holds: 

supua —>■ +00 (3-1) 

M 

as q: —>■ 00 . In all of this section and in the remaining of the paper the letter C 
will always denote some positive constant, whose value may change from one line 
to another, but that will never depend on a. 

Proposition 3.1. Let (ua^Wa)a be a sequence of solutions of m such that 
(12.211 and dsm hold. There exists Na € N* and Na points {xi^a,''' of M 

satisfying, up to a subsequence: 

(1) VUa{Xi,a) = Q for I <i< Na, 

n-2 

(2) dg {xi^a,Xj^a) ^ Ua{xi^a) < 1 for all 1 < i,j < Na, i j, and 

(3) there exists a positive constant C independent of a such that 

dg{xi^a,x)j (uaixf + \CgWa\g{x)^ < C (3.2) 

for any x € M. 


Proof. Applying Lemma 1.1 in Druet-Hebey [15] we obtain that for any a there 
exists Na > 1 and Na critical points xi^a, ■ ■ ■ , XN^.a of Ua satisfying: 


dg{Xi^a,Xj^a) = Ua{Xi^a)>l ^OY I < i, j < Na,i ^ j, 


min dg {xi^a,x) I Ua{x) < 1 


and 


for any critical point x of Uq,. For any x € M let 


(3.3) 


5'„(x) = dg{Xi^a,x)^ (uaix)"^ P \CgWa\g{x)^ . 

Assume by contradiction that (13.21) is false, and let Xq, G M be a sequence of points 
of M such that 

'I'o!(a;a) = sup'I'a —>■ +00 (3.4) 

M 

as q; —>■ + 00 . Define pa by: 

Pa"^ = Ua{Xaf + \CgWa\g{Xa) ■ (3.5) 

By (13.41) there holds: 

dg {Xa , ^a ) 


Po 


+00 


(3.6) 


where Sa = {xi,a, ■ ■ ■ ,XNa,,a} is constructed above and since M is compact, there 
holds 

Pa ^ 0 (3.7) 

as a —>■ + 00 . Since {M,g) is locally conformally flat we can let S < ig{M) and 
we can find a local chart $q,) centered at Xq such that in this chart there 

holds 

4 

_ Tl —2 ^ 

9ij — ^ij 
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for 1 < i, j < n and for some positive function ipa in satisfying in 

addition: 

</’q( 0) = 1 and V(^a(0) = 0. (3.8) 

In addition to (13.81) we can choose the conformal factor (fa to be bounded in the 
C^(M)-topology for any fc > 0 in Bo{S). The operators Ag,Cg and Ag satisfy 
some conformal invariance formulae. Let u be a smooth function in M and X be a 
smooth 1-form in M. For any x G ^a{Bx^{S)) we have that: 


A^{ipaVo^^^) (x) = (fil 


_2 


(®a (a;)), 


that 


( V’O. ($«)* ^ ) = ($«)* (CgX) 

and that for 1 < i < n: 


We let, for any x G Bq{^) : 

n-2 

Ua{x) = fla^ ipa{HaX)Ua O 


(3.9) 

(3.10) 


(3.11) 


(3.12) 


so that, using dSH) and (13.111) the sequence (uq, IFq) satisfies the following system 
of equations in Bq • 


A^Ua “t“ — fa 


an 






where we have let: 


aaix) = ^lf-ba{x) -f fJ^aUaix) + ipa{p^aX) 


ha[x) = ^fa{^J'aX)"-^^ ( /la O ^ - 


n — 2 
4(n — 1) 

fa{x) = fa O ^~^{HaX), 

ba(x) = (fiaifJ'aX)'^''^ &a O ^~^{fiaX), 

Ba(yX^ — ifni^P'aX^ (^a):,. Uai.P’aXf 
Xa{x) = ipa{lJ-aX)~‘^ ($« )* ^a (/iaS:) and 
F)j(x) — (4?a ):,; Wk (/laa:). 

By definition of in (13.51) there holds 

Ua(0)2*+|£^Wa|5(0) = l 


R{9) i^aX) 


(3.13) 


(3.14) 


(3.15) 
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and using (13.4p and (13.5p there holds, for any R > 0: 

sup < l + o(l). (3.16) 

Bo{R) ^ ^ 

We now let some R > 0 and x S Bo{R). A Green’s formula for the first equation 
in (13.131) shows that: 


Uc.{x)> [ \ 

Jb^{3R) W “ ^ ■ 


, 2 * + l 


iy)dy 


Mo 


’ Bx ( 3 i?) 


(n- 


^ - (\x-y\'^ ”-(3i?)2 ^)ha{y)uaiy)dy 

2)u}n-l V / 


so that it is easily seen that there holds, for some positive constant C that does not 
depend on a nor on R\ 


I B^( 2 R) 


-y? 




{y)dy < C. 


As a consequence, there exists Sa G (|i?, 2R) such that, up to a subsequence: 


'dBo{Sa 




{y)da{y) < CR 


n—3 


(3.17) 


Let now x S Bo{R). By the properties of (fa in (13.81) there holds, for some positive 
C: 

'<C^^l\y\ 






so that a Green formula for the operator in Bo{2R) (see Section |8]) along with 
(I3.16[) and (j3.17l) yield, for some positive C and C: 



(x)<c[ \x-y\^- 


dy + C [ \x-y\^-^ 



s JBo(Sc) 


^ JdBQ{Sa) 



{y)do 


< C' Ry,a + —. 

K 

In the end we thus obtain that 


0 in C°,,(R") 


(3.18) 


as a —>■ + 00 . Coming back to (13.151) with (13.181) we obtain that 

Ua(0) = 1 + o(l) 


and independently that 

da ^ 0 in Q°^(M”) (3.19) 

as a —>■ + 00 . The Harnack inequality as stated in Section [6] shows then that for 
any compact set K C R" there exists a positive constant C{K) such that 

C{K)-^ <Uoc< C{K) in K. (3.20) 

By (I3.19|) . (13.201) and standard elliptic theory one gets that da —A in G;q^(R"), 
where U satisfies t/(0) = 1 and 

= foixo)U^^-\ 
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where xq = limxct. 
shows that 


The classification result in Caffarelli-Gidas-Spruck [8] then 


U(x) 



fo(xo) y " 
n{n — 2) J 


In particular, since 0 is a strict local maxima of 17, for a large enough there ex¬ 
ists a sequence Ua € M of critical points of with dg(xci,ya) = o(yLa) and 

n-2 

Uaiva) —>■ 1 US « —>■ -|-oo . Using (13.61) this contradicts (13.3|) applied at Ua and 
proves that (13.2p must hold, which concludes the proof of the Proposition. □ 


Proposition 13.11 provides us with a suitable set of concentration points around 
which to investigate the behavior of Ua- For the following claims of this section we 
consider two sequences {xa)a and {pa)a, where Xa G M and 16pa < igiM), such 
that VUaiXa) = 0, 

dg{Xa,x)^ (ua{x)^ + \CgWa\g{x)^ < C fOY X G B^^{Spa), (3.21) 

and such that 

Ua{Xa) > ^ (3.22) 

for some positive constant C independent of a. An example of such sequences is 
given by Xa = Xi^a and pa = -^dg {xi^a, {xj,a,j ^ 0) where 1 < i < and Xi^a is 
as ixn Two cases can occur and are described by each of the following Propositions: 

Proposition 3.2. Assume that ()2.2I) holds and let {ua,Wa)a be a sequence of 
solution of IHD such that iH) holds. Assume that for some Ci > 0 there holds, 
up to a subsequence: 

Pa sup (u^ + \CgWa\g') <Ci. (3.23) 

Then, for any x G B^^Spa), there holds: 

1 

Ua{x) > — 

02 

for some positive C 2 ■ 


Proof. Let (Ba,^ (^), ‘f’a), 5 < ig{M), be a conformal chart around Xa satisfying the 
same properties as the one constructed in (13.8p . Let, for any x G Bq{8), 


Uaix) = p~ (fa{PaX)Ua O <^~'^{paX), 

Wa{x) = p^~^(pa{paX)~^ ($a)* Wa{PaX). 

Using (13.91) and (13.101) Ua satisfies: 


A^^ha T Pa^aha — fa 


-,2*-l 


+ ( Pl^ba + 


pfJJa + Ta {PaX)C^Wa{x) 


--2*-l 


where ha, fa, ba, Ua, are defined as in (I3.14p replacing pa by pa- Using (13.231) 
there holds: 

Pltfa + Tl\pc.x)CiWa{x)\^^ 


pI^K + 


< C in Bo (8) 
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for some C > 0, so that using the Harnack inequality as stated in Section [6] and 
(I3.22[l there holds: 


inf Ua 

Bo ( 8 ) 



which concludes the proof of the Proposition. 


□ 


Proposition 3.3. Assume that (|2.2I) holds and let (ua,Wa)a be a sequence of 
solution of such that eu holds. We assume that the assumptions of Theorem 
\2.1\ hold and that 

sup + l/lgWalg) +00 asQ!-;>+oo. (3.24) 

Bx„( 8 Po) ^ ^ 


We let 


P’a — ^a(^a) 


Then Uq —>■ 0 and there holds: ^ +oo and pa 0 as a +oo. If we let in 

H‘at 

addition, for any x € M, 

D /...l _ f ..2 I fa{Xa) J ^ 

Ba\x) — Pa I Pa + / ) J 

V n{n - 2) J 

there holds: 

sup 

b.Apc) 


Bn 


- 1 


as a ^ + 00 . 


Proposition 13.31 is the main part of the analysis in this paper and we postpone its 
proof for now. Section |4] is devoted to the proof of Proposition 13.31 


We now conclude the proof of Theorem 12.11 assuming temporarily Proposition [231 
We let 


16^0.= min dg (xi^a,Xj^a) ■, (3.25) 

where the Xi^a are given by Proposition 13.II We assume that do, —>■ 0 as a —>■ +oo 
and that the Xi^a have been reordered so that 


IQda — dg (j:i^fj, X2,a^ • (3.26) 

Note that this definition only has a meaning if iV„ > 2 up to a subsequence. If 
Na = 1 we let da = ^ig{M). Let ^{S), $„), with 26 < ig{M), be a conformal 

4 _ 

chart centered at xi^a and satisfying ($q)^ g = ipa~'^ where ipa is as in (1331) . We 
let 

n-2 

Ua{x) = da^ (pa{daX)Ua O (daX) , 

Wa{x) = d”“Va(daa;)“^ ($a), Wa{daX), 

SO that, using (13.9|) and (13.111) the sequence (ua) satisfies in Bq ■ 

l6^Ua df^haUa — /aHa 2*4-1 ’ 

Ua 


(3.27) 


(3.28) 
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where we have let: 


da(x) = d^ba{x) + d^Ua{x) + ipa{daxf’‘C^Wc 


2 


ha{x) = (fiaidaX)’'-^ ( /l„ O $ ^ - \-R{g) 

V 4(n-l) 

fa{x) = fa O <p-^{dax), 

ba{x^ — ipa{dcxX^ ba O 4?^ (^daXf 
Ua(,x') — (pai^df^X^ (^ ck )^ Ua{daX'). 

For 1 < J < Na we let Xi^a = -^^a{xi,a)- Let R> 0 and define Nji by the following 
property: 


(da^) 1 


(3.29) 


\xi,a\ < R 1 < * < Nn- 

By p.26l) there holds Nr > 2 for i? large enough. Propositions 13.21 and 13.31 show 
that for any 1 < i < Nr the following alternative occurs: 


either there exists C,- > 0 such that — < iia < Ci in (— 

Ci ~ V 2 


or sup 


B, 


- 1 


(3.30) 


—^ 0 as oc —^ “t“Oo, 


where we have let 




fa{,Xi^a) 


\X - X. 


(3.31) 


and fii^a = Ua{xi^a)~^^^ ■ By Proposition |3]3] there holds fii^a —>■ 0 as a —>■ +oo. At 
any point Xi^a these alternatives are exclusive and the second one occurs only when 
Ua{xi,a) — >■ +00 Or when Mq, —0 in C° (i) \Bx. ^ (i))- We start proving 

that either the first alternative in ()3.30p holds for any 1 < * < Nr or the second 
alternative holds for all 1 < i < Nr. Let x G Bo{R). We let Ga{x, ■) be the Green 
function of the operator Aj + in Bj;{3R). Since Ag + ho is coercive there 

holds (see Robert m ) that for any y G Bx(2R), 

Ga{x,y) > ^ 

for some positive G. A Green formula thus shows that: 


Ua{x) > 7 ; / fa{y)Uaiyf ^dy, 

Y Jb^(2R) 

so that if there exists 1 < A < Nr for which the first alternative in (I3.30|) is satisfied 
then there holds: 

Ua{x) > G{R) > 0 

for some positive G{R) depending on n and on R. Hence the first alternative in 
(13.3011 is satisfied in each Xi^a, 1 < * < Nr. 
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We claim now that the second alternative in (I3.30p cannot hold for all 1 < z < Nr. 
We let X S Bq{R) and write once again a Green formula as above: there holds 


Ua{x)> / Ga{x,y)fa{y)ua{yy ^dy 

JBoii) 

+ / Ga{x,y)fa{y)ua{yf ~^dy. 


Since Ga{x, ■) converges to the Green function of Aj in Bx{3R) in Glg^{Bx{3R)\{x}) 
standard computations yield: 

Ucix) > (1 + o(l)) {Bi,aix) + B 2 ,cix)) - ) (3-32) 

for some positive G that does not depend on R nor on a. We assume now that 
|a^| < i and x ^ 0. Applying the second alternative in (13.301) at 0 yields, with (13.321) 
and (j3.3ip : 

71-2 

where X 2 = hmx 2 ,a; so that \x 2 \ = 16 by (13.261) . In the end letting a —>■ + 00 , 
dividing by |x| and letting x —?> 0 yields, for R large enough: 


lim sup 

a—>-+oo 


M1,Q! 


< c- 


16” 


i?"-2 - (716 


n—2 ' 


(3.33) 


The same arguments as those developed to obtain (I3.33P work in the same way 
exchanging the roles of xi^a and X 2 ,a so that in the end we also obtain: 


lim sup 

a—>-+oo 



< G- 


16 


n—2 


Jln-2 _ (JIQ 


n-2 ■ 


This clearly contradicts (I3.33P up to choosing R large enough. So far we have proven 
that for R large enough and for any 1 < z < Nr the first alternative in (13.301) 
holds at every Xi^a- Note in particular that by Proposition 13.21 there also holds 
< Gi in Bj;. ^ (i). Thus, by Proposition 13.11 and by the first alternative 

in (I3.30p there holds that Ua and |£^ITq,|j belong to Mimicking the 

arguments in the proof of Proposition 13.11 that led to (I3.18P we have here again: 

^ 0 in 


so that, as in the proof of Proposition 13.11 we obtain that zia —>■ t/ in 
where U satisfies 

A^U = /o(xi)I/2*-i, 

with xi = limxi^a and where U{xi) > 0 since the first alternative of (13.301) holds 
at 0. The classification result of Caffarelli-Gidas-Spruck [S] thus shows that U has 
only a critical point, but this is impossible since Ua had at least two critical points, 
namely 0 and X 2 ,a, and |x 2 ,q;| = 16. This therefore contradicts the fact that da —>■ 0 
as a + 00 . 


Thus there exists some Jq > 0 such that da > do- In particular the Xi^a con¬ 
structed in Proposition 13.11 are in finite number and around each of them Ua is 
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bounded, since the situation of Proposition 13.31 cannot happen because da Q. In 
the end, Ua is bounded in M and Theorem o is proven. 


4. Blow-up analysis - Proof of Proposition 13.31 


In this section we develop the asymptotic blow-up analysis needed to prove 
Proposition [3^3J AVe let (rcvj be a sepuence of solutions of (EH) and assume 

that (12.21) and the assumptions of Theorem 12.11 hold. We let {Xa)a be a sequence 
of critical points of Ua in M and {pa)a be a sequence of positive real numbers with 
16pa < ig{M) such that 

dgixa^x)"^ {ua{xf + \CgWa\g{x)^ < C for X £ (8/Oa), (4.1) 

and such that 

p” sup (u^ + \CgWa\!^ +00 as a -)► +oo. (4.2) 

Bx„(8pc) ^ ^ 


In this section, the letter C will always denote a positive constant, whose value 
may change from one line to another but that will never depend on a. Let 
{Bx^{l6pa),^a) be some conformal chart around Xa as in (13.8|) . such that in the 

4 

chart there holds pij = ipa~'^ for some conformal factor ipa ■ We can always 
assume that Bo{8pa) C ^a{Bx^{^(ypa)) and that the sequence of conformal fac¬ 
tors {(pa)a is uniformly bounded in C^{Bo{8pa)) for any fc > 0. We let, for any 

X £ Bo{ 8 pa) ■■ 

Va{x) = (Pa(x)ua O $“^(x), 

(4.3) 

Za{x) = (pa(x) ($a), Wa(x). 

Using (13.91) and (13.111) the sequence (va,Za)a satisfies the following system of equa¬ 
tions in Bo{8pa)- 


^^Va 4 “ haVa — fa^a 4 “ ’ 

Va 

(^^Za)^ = 2*e'='5fc(ln(p„) {£^Za)i, + vl‘ 
where we have let: 

daix) = baix) + Ua{x) + (Pa{xY C^Za 


ha{x) = (pa(x )"-2 ( ha O - 


n — 2 
4(n — 1) 

U{x) = /a o$-i(x), 

ba{x) = (fiaix)'^''^ ba O 4'“^(x), 

Ua{x^ — ^aix) (4*a):i; Baix^ i 
Xa(x) = (fiaixy^ ($a),Xa(x) and 
Yaix) = ($a),ra(x). 


Rig) (x), 


(4.4) 


(4.5) 


As before, note that by (13.81) there holds, for x £ Bo{8pa)- 

\2*e'dki\n^a) {C^Za)u\ < C\y\ \C^Za\^ , 


(4.6) 
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and m becomes: for all x G Bo{Apa), 

la^r + \C^Zyyx)^ < C. 


(4.7) 


4.1. Sharp pointwise estimates. We first prove a local version of Proposition 

[331 


(4.8) 


Claim 4.1. Let 

Pa — 'n -2 — 'Co.(O) 1^-2 _ 

There holds, up to a subsequence: pa ^ 0, — —>■ +oo, 

Pa^ VaiPaX) ^ U {x) = (I + 


n{n — 2) 


Cl 




and 


Pl \C^Za\^ (pax) ^ 0 zn CL(K") 
as a ^ + 00 , where xq = Hm Xa- 


Proof. The proof of Claim 14.11 is similar to that of Proposition 13.11 Let j/q G 
Bxci^Pa) be a sequence of points of M satisfying 


aiVa) + \BgWa\ (j/a) = SUp + [/igWal ) , 


and let 


= UaiVa) + \BgWa\,, [Va)- 


By (14.21) there holds 


->■ +00 

Vrv 


as a —>■ 00 , so that in particular there holds 

Va —t 0 

as a —>■ + 00 . By m we also get: 

dg(jJa,Xa') CVa 

for some positive C. We let, for any x € Bq : 

n-2 

Va{x) = Va^ VaiVaX), 

Za{x) = v]f~^Za{VaX), 

where Va and Za are as in (14.31) . It is easily seen that Va and Za satisfy: 


(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 


2*—I I 


+ K^aVa = faK + 


r,2*+i ’ 


(^^Za)^ = 2*Va^'^^dk{\nipa){VaX) (^^Za) (^«) ^ + ( l ),) ^ , 
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where we have let: 

aaix) = v‘^J^ba{x) + v2.Ua{x) + 

ha{x) = haivax), 
faix) = fail^aX), 
ba{x) = ba{VaX), 

Uai^x') C/q, , 

^a{x^ — ^a{yaX^^ 

Yaix) = Ya{VaX). 


(4.15) 


By definition of Va. and Zq, there holds: for any x € Bq 


(if) 


xl (x) 


C^Zo 


(a:) < 1 = vl {ya) + 


L^Zo 


(ya), 


(4.16) 


where we have let ya = -^^aiya)- Let i? > 0 and x S Bq{R). Mimicking the 
arguments used in the proof of Proposition 13.11 to obtain (13.171) . it is easily seen 
that there exists a positive constant C that does not depend on a nor on R and a 


sequence Sa G (|L^, 2i?) such that 




{y)da{y) < CR 


n—3 


(4.17) 


/9Bo(Sa) 

As a consequence, using ()4.17[l . the arguments in the proof of Proposition 13. II that 
led to (j3.18l) still apply here and show that there holds: 


C^Za 


^ 0 in Cl 




(4.18) 


as a —>■ + 00 . By (14.181) we therefore obtain with (14.161) that Va{ya) = 1 + o(l) and 
that 

a„(a:) in Q°^(K"), 

where da{x) is as in (14.151) . By (I4.13L there exists yo S K” such that ya —>■ yo as 
a —>■ + 00 . Here again, the Harnack inequality of Section |6] shows that 


Va^U in CL(K"), 

where U satisfies VC/(0) = 0 by definition of Xa, U{yo) = 1 and: 

A^U = fo{xo)U^^-\ 

The classification result in Caffarelli-Gidas-Spruck therefore shows that U{x) = 

( 1 I foCo) \^\2 
+ n{n-2)\^ 

by (14.81) that 


(4.19) 


N l-f 

1 . In particular, yo = 0, and since there independently holds 


= 1 — 


we obtain in the end 


lim — = 1, 

a—>oo Ha 


which, with (14.191) . (14.111) and (14.121) . concludes the proof of Claim HIT] 


□ 
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We set in the following, for x G R”: 

TD r \ ( 2 I fa[Xo;) I |2 

where fia is as in (I4.8D . It satisfies A^Ba = fa{xa)B'^ in R". 



(4.20) 


Claim 14.11 establishes Proposition 13.31 when the distance to the concentration 
point 0 is of order fXa ■ In order to prove Proposition 13.31 we have to extend the 
estimate on Va given by Claim HTT] to the whole ball Bo{pa). We need to show that 
the bubble Ba is dominant with respect to other possible defects of compactness of 
the sequence {va)a up to a radius pa- The standard way to proceed would consist 
in showing that p^ coincides with the maximal radius up to which 0 is an isolated 
simple blow-up point of Va, following standard terminology. The usual arguments, 
however, fail to work here. One reason is that the estimates we have on Va and 
C^Za at this point - given by Claim 14.11 and the weak estimate (14.71) - do not 
improve because of the highly non-trivial coupling of system dlD. 


We therefore proceed in a different way. Let e > 0 be given. We define the 
radius of influence of the bubble centered at 0 to be the maximal radius where 
Va looks almost like a bubble Ba-, up to an e error factor: precisely 


ra=sup7?. (4-21) 

where 


Tl= ^0 < r < Pa such that Uq < (1 -I- e)Ba, |V {va — Ba)\^ < e|Vi3ct|{ 

n — 2 1 

and x^dkVa H-< 0 on Bo{r)\Bo{2RaPa) ?, 


where we have let 


2 ^ n{n-2) 
“ Mxa) ■ 


Using Claim |4~11 there easily holds 


-foo 


(4.22) 

(4.23) 

(4.24) 


as a —>■ -foo. Because of the definition of r^, in i?o(^a) the unknown Va looks almost 
like what we believe to be its sharp asymptotic. We will prove Proposition 13.241 bv 
proving that Va = Pa- To do this we have to obtain sharp pointwise asymptotic 
estimates on Va and C^Za in all of Boixa)- To reach the desired precision we 
improve the estimates on Va and C^Za step by step, by performing some kind 
of ping-pong game: we plug the available estimates on the unknowns in system 
(EH) and, through several Green representation formulae, iteratively recover better 
estimates for both the unknowns. 

We start improving the information on Va in BoiSra)- 


Claim 4.2. Let {Sa)a, 0 < Sa < Va be some sequence of radii. There exists a 
sequence {Ka)a, 0 < < 1, of real numbers such that for any Za € Bo(8Sa) there 

holds: 


(1 ^a) Ba{Za) ^ Va{Za} ^ CBa^Zaf 


(4.25) 
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where C > 1 is a constant that does not depend on a and Ba is as in (14.201) . 
Furthermore, if Sa ^ 0 as a ^ oo, there holds Ka —>■ 0. 


Proof. We start proving the upper bound. We define, for x G Bo{8): 

n-2 

Va{x)=ra^ Va{raX), 

where and r^ are defined in (14.31) and (I4.2ip . Then satisfies: 

-2*-l I Jln 


+ rJla{x)Va = faXa + ?’a”T2*+l : 

Va 

where, using the notations in (14.51) : 

daix) = dairaX), 
ha{x) = ha{raX), 
fa{x) = faij-aX). 


By the definition of Tq, there holds, for some positive C that does not depend on a: 

Vaix)<C^^'^ in Bo(l)\Bo . 

The weak estimate (I4J1) shows both that: 

Va < C and r^da < C in Bo{8)\Bq 

Hence the Harnack inequality, as stated in Section [6l successively applied to the 
annuli i?o(3/2)\i?o(l/2),..., i3o(17/2)\Ho(ll/2) shows that: 

Vaix)<C^f^'^ in Ho(8)\Bo , 

for some positive C. By the definition of ra in (14.211) and because of (14.241) and the 
expression of Ba in (14.201) this yields the upper bound in (14.251) . 



For the lower bound, we let Ga be the Green function of Ag + ha in M. Using the 
expression of Va in (14.31) and the notations of (14.51) we have that, for any sequence 
Za of points in Bo^Sra). 

Va{Za) > iPa{Za) / ipa{y)Ga {^a^ (Za), ^a^ {v)) fa{y)vl {y)dy. 

J Bo{8ra) 

In particular, with the expression of Ba as in (14.201) we can write that: 


Be 


(Za) > Pa(Za) / (/la2/)/a (/iaj/) Va(flay)'j 


2*-l 




xGa (^a\za),^a\Mcy)) dg ^ (z«), ^ (^a?/)) 


V n—2 


,2 , 


n(n-2) 


dg ^ 4 ^ 0 , (^Za),^a iy'ay)') 


dy, 


which yields the lower bound in (14.251) using Claim HTTl Fatou’s lemma and standard 
properties of Green functions (see Robert [37]). □ 
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Exploiting the coupling of the system allows one to recover an integral control on 
better than the one given by the weak estimate (|4.7|) . This issue is addressed 
in the next Claim: 


Claim 4.3. Let {Sa)a be a sequence of positive numbers satisfying 
^ —>■ 0 and Sc, < min{rc,, fia)- 

There holds then, for some positive constant C, that for any x S BgllSa 


>Boi6S„) 


-yr-\C^Zc\l 


2 2*-l 


{y)dy < CBc,{x). 


As a consequence: 


\C^Zc\ldy<Ci?:^-^Sl 


2n—2 r2 —3n 

ci\p ^ 

I Bo{ 6 Sc)\Bo{Sc) 

and there exists a sequence of positive numbers Sa G (55a,6(5a) such that 


[ \C^Zc\^{yrdaiy)<Cpil^-H^-^- 


ldB{s^) 


(4.26) 


(4.27) 


(4.28) 


(4.29) 


Proof. Using (HU) we write a Green formula for + ha in BQ{86a) to obtain that 
for some C > 0 there holds, for any x G Bo{7Sa)'. 


Va{x) > 


C. 


Bo (65c) 


■-y? 


Ua + dl^Za 


\y)dy. 


Using (14.251) and ()4.26|1 yields (j4.27|) since ba >0. As a consequence, choosing 
\x\ = 7Sa in ()4.27ll there holds 


^iy)dy < CfJ.a^ 


|2 „,-2*-l^ 

/Bo(65c)\Bo(A5c) 

for any 1 < A < 6 and (14.281) and (I4.29|) follow then using once again (I4.25|) . □ 


The goal of our analysis is to obtain sharp pointwise estimates on Va and \L^Za\^. 
The two unknowns may blow-up simultaneously but at different rates and we are 
then led to the simultaneous investigation of their defects of compactness. Let us 
define now the following 1-forms in R" by: 


Va{x)i = Xa{0y / Bl {y)Q^{x - y)jdy, 

JR-^ 

PaA^)i = dkXdOy [ ykB‘^^ {y)gi{x - y)jdy for 1 < /c < n, 
Jr-^ 

where, for y 


Qt{y)3 =- 


1 


4(n - l)a;„_i 


|y| 


2-n 


(3n-2)^,, + (n-2)p- 


(4.30) 


(4.31) 


is the f-th fundamental solution of in R", see Section |S1 Then Va and Pa^k 
satisfy in R”: 




= vi Xa{0) and A^Pa,k = ykBi dkXaiO). 


(4.32) 
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We also let in the following: 


n 


£a — |^ct(0)|j. 

pci.k = idkXo^mi, Pc. = Y,Po.,k 

k^l 

(4.33) 

Q!-)-00 

, ,. dkX^iO) , , / , / 

Cfc = hm — - for 1 < fe < n, 

a-i-oo 

(4.34) 


which are all vectors of Euclidean norm 1. To define the we should require Eq, and 
Pa,k to be nonzero. This will however not be an issue since the vectors (^k always 
appear in the computations multiplied by £„ or Pa^k- Define, for any Za G Bo^Sra): 

OM = + \z^\‘^)K (4.35) 

It is easily seen that there holds, for any x G K": 

(4.36) 

and 

\C^Po.,k\^<CPa.,ktJ^le^ix)-^ (4.37) 

where 9a{x) is as in (14.351) . Moreover, if e„ ^ 0 and /3 q ^ 0 straightforward com¬ 
putations from (14.301) give the following asymptotic expansion of Va and Pa,k- for 
any sequence G BQ{8pa) satisfying —>■ H-cx) there holds, up to a subsequence: 


— Cl (fl) f qc (^Xa') ^ 


X Ea|Zay”(l + o(l)), 


(4.38) 


and 


P^Pa^ki^apj — (^)/ct (^a) ^ \ (Cfc)l 


nzjZk - Si 


nSijZk - (n - 2)dikZj - (n - 2)SjkZi + {n + 2){n - 2)ziZjZk 


{Ck,z)^ 


(4.39) 


(Cfe),- 


'klZiZk Sik 


- (Cfc)^ 


(n - 2)ziZj + Sij 


X Pa,k^ii\Za\ ”(l-fo(l)) 


where i = lim t^, 

CK^ + OO I 


Ci{n) = 


n 2 


\n-2) 


2 LOr, 


C2{n) = - 


n 4 


■■{n-2) 


2 LOr, 


2"+i(n - l)a;„_i ’ 2"+i(n - l)a;„_i ’ 

and where ujd stands for the area of the d-dimensional sphere in 


We show in what follows that the 1-forms 14 and Pa,k respectively appear as 
the first and second-order terms in the asymptotic development of Za- We start 
estimating the difference \C^{Za — Va)\^. 
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Claim 4.4. Let (Sa)a be a sequence of positive numbers satisfying: 


—>■ 0 and Sa < mm(ra, Pa)- 


(4.40) 


There holds, for any sequence Za G Bo(3Sa): 

(z„) < C ^ 

+ O (eda(Za)^~'^) , 

(4.41) 

where 0a{za) is as in (14.351) . Sa is as in (14.331) and r] is a nonnegative, continuous 
function in R with ry(0) = 0. As a consequence, there holds 

e„ = 0(MrMr)+o(Mo). (4.42) 

Proof. Let (5a)a be a sequence of positive numbers satisfying (14.401) . We estimate 
the difference |£5 {Za — la)L {za) using a Green representation formula. We let 

—^ 

Ga,i be the z-th Green 1-form for with Neumann boundary condition on Bo{sa), 
where Sa is as in Glaim H31 fsee Section [5]). A Green representation formula for 
on Bo{sa) writes then: for any sequence Za € BQ{4Sa), 

C^{Za-Va)iAZa) = [ TL^j^aiZa, y)p'^ i {Za - VaY iy)dy 

dBoisa.) 

+ [ 'Hij^a{Za,y)plZqC^{Za- VaY'^ {y)dcr{y) 

J dBo{sc) 

where we have let, for x,y € Bo{sa)'- 


(4.43) 


'hLij^a{x,y)p — diQa,j{x,y)p djQa,i{x,y)p fjj ^ '^^ dkQa,k{x,yY (4.44) 


k=l 


and the derivatives are taken with respect to x. Since \za\ < 4(5q and Sa > 5da 
we can thus write, using (14.4L (14.61) . (I4!32l) . (I4.36p . Claimand Claim [5?T] below, 
that: 


!/:« (^a - l"a)l 5 {Za) < C (h + I 2 + I 3 + I 4 + 
where we have let: 

1 1 — n I 


(4.45) 


h = 

I 2 = £, 

h = 


[ \za-y\^ "\y\\C^Za\.{y)dy, 

JBoiGSc) 


/ So(6<5q 


-2/r 


vl - BI dy. 


n, 


' Bo (6Sa 


j,a{Zaj y)p ^Aa{y) Wc((0)^ Va {y)dy 


(4.46) 


Boies,.) 


jza - y\ ""dy. 


h = 

We clearly have that 

h < CSa. 

By Claim 14.11 there exists Ra —t +oo such that 

sup \Va-Ba\=0{l) 
BoiRaPc.) 


(4.47) 
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as a —>■ +c». Using Claim 02] we can therefore write 
I 2 <£« / 


J Bo{RafJ.oi) 

+ O ( Ea [ 


Za-y\^ ""{Va- Ba\iy)Bl ^{y)dy 
Za-y\^~^Bl^{y)dy] 


y J BQ{65o,)\BQ{RafJ:a) 

so that in the end we get: 

l2=o{eMzcy~") (4.48) 

where 9a{za) is as in (j4.35|) . We let 'Hij be the analogue of in (14.4411 for the 
fundamental solution of Aj in R", that is: 

2 " 

'Bij (:r, y')p — diQj {x y')p djQi {x y')p ^ij ^ (,x y^p: (4.49) 

k=l 

where Qi is as in (14.311) . Since, by (12.2L Xa has a limit in we can write 

with (14.461) that: 


I 3 < 


' Bo{Sa 


'Hij,a{za,y)py''dkXa{Ofvl {y)dy 


+ c [ \z^-y\^-\yfBl^{y)dy 


< 


' Bo{Sa 


'H^j^a(za, y)py''dkXa{Ofvl" {y)dy 


+ ^'a^aiZaY 


We now separate between two cases. First, assume that \za\ = 0{y,a)- Then one 
easily gets that 


iBoM 

Next assume that 


Bij^a{za,y)py'"dkXc{0Yv^^ {y)dy 


^ yadcti^Za) 


IZg 

yo 


+00 


(4.50) 

(4.51) 


' Bo{Sa 


as a —>■ 0. We write: 

B-tj^aizg, y)py'^dkXg{0Yv^ {y)dy 

) 

(B^j,a(Zg, y) - {zg , y)^ y'^dkXg(OYvg {y)dy 
Bij (zg, y)py^dkXg{0Yvg {y)dy. 

I 

Straightforward computations using (14.5111 show that 

f 'Hij{zg,y)py'^dkXg{OYvg {y)dy = o {y,g6g{zgY~'^) , 

JBo(Sc) 


' Bo{Sa 

f 

iBoisc) 


(4.52) 


where TLij is as in (I4.49p . Let now 


1 
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On one hand there easily holds, using (I4.51|) : 


y) - Uijiza, y)) {y)dy 


(4.53) 


On the other hand, by the definition of Qa,i as in (18.141) below there holds, for any 
y G Bo(s„)\{za}: 

GaAZa,y) = Qi{Za - y) + Ull^{y), 

where is as in (18.131) below. The scaling arguments developed in Claim [83] 
below show that there holds: 


^ t/o,. in C\Bo{l)), (4.54) 

where Uo^i satisfies: 


(n + l)(n + 2) 

l^UoAy) = - E ^o(i), 

i=i 

(Uo,^)^^ (y) = {9^{z-■))^^ (y) ai?o(l), 

where we have let z = lim — G i?o(l) and where ,,, is an 

a-f+oo®^ ^ 3 / l<j<{n+l)(n+2)/2 

orthonormal basis for the L^-scalar product of the set of conformal Killing 1- 
forms in Bq{1) defined in (18.61) . In the end, using ()4.54l) . (18.101) below and Lebesgue’s 
dominated convergence theorem there holds: 




I - in— 1 

= \z\ 


= o(l), 


{'Hij^a{za,y) -'Hij{za,y)) y’^dkXaiOfvl {y)dy 

'tc. ^ ^ P 

J (diUoj + djUo^i — —^ij''^^dkUo^kj ( 0 ) 

^ \ fc— 1 / p 


(4.55) 


where and (k are as in ()4.33p and (14.341) . In (|4.55|) . the notation {■)p denotes 
the p-th coordinate of the 1-form considered. Gathering (I4.52L (14.531) and ()4.55|) 
there thus holds, if \za\ » y^a'- 


iBoM 


'Hij,a{Za,y)py'"dkXaiOTvl {y)dy = O {y^Oa{ZaY "■) ■ 


(4.56) 


In the end, ()4.50p and (14.561) together combine by writing that: 


h = ri 


9a{Za) 


yadot (^Za ) 


1—n 


(4.57) 
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for some continuous bounded rj with 77 ( 0 ) = 0. We finally compute Ii. A Holder 
inequality along with (14.251) gives, for any p > 2: 


h < 



X 



y\ 


2 —n 


\c^z. 





P 


y\' 


-2-p(n-l) 




p —2 2*+l 

{y)~ Baiy)^^ dy 


P-1 

P 


If 2 < p < 2n — 2, the second integral can be estimated with (HTl) as: 


i-2-p(n-l) 


' Bo{6S a 


Za-y\ "-I \y\p-^ \C^Za\^{y)p-^ Ba{y) dy 


3n —2 I p + 2 —2n „ ^ 


so that using (14.2711 to estimate the first integral yields in the end: 

/l < 


(4.58) 


for some positive constant C. Gathering (14.471) . ()4.48|) . (14.571) and (14.581) in (14.451) 
and using (14.361) we obtain, since Pa < ^a(-Za) < 0(Sa) and by (14.401) . that for 
Za S i?o(4^a): 




(4.59) 


We now use this to refine the estimate of Ii, where /i is as in ()4.46p . We assume 
that the sequence Zq belongs to Bo(3Sa)- We therefore write: 


h< f K - yr-”|y| {y)dy + 5l-^ [ \C^Z^\^ {y)dy, 

JBoiiSa,) -'Bo(6i5c)\Bo(4<5„) 

and we use estimate (14.591) to compute the first integral and (I4.28|) to compute the 
second one. In the end these computations lead to: 

h < Cpr^3-2" + + c«)0a(zc.)3-”In (^2 + 

which gives, using (I4.40|) and since 9a{za) < 45^: 

h < + O {piada{ZaY~'^) + O (Ca^a (Zq,)^”") . (4.60) 


Note that the factor In ^2 + in the computations above has to be taken into 

account only in dimension 3. In the end, gathering (14.471) . (14.481) . (14.571) and (14.601) 
in (14.451) yields, for any Zq S Bo{3Sa): 


|£c {Z^ - H„)|^(z„) < + eo.Si-’^) 

+ O (ea6(a(Za)^“”) + V 


^CL ) 


f-^a^a ) 


1—n 


(4.61) 


where Oa(za) is as in (|4.35p and Sa is as in (|4.33p . This proves (|4.41D . 
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We now use this pointwise control to obtain an estimate on Let 0 < 7 < 1. We 
write that: 


/Bo(27<5c)\-Bo(75c) 


{y)dy < 2 


/So(27«c)\So(7-5c) 




I Bo(2jSa)\Bo{'YSa) 


iy)dy. 


Thanks to (I4.40p we can estimate the left-hand side with (j4.38l) , while for the right- 
hand side, we estimate the first integral using (|4.61|1 and the second one using (j4.28|) . 
This yields: 


'2 ^ 2n-2„2 I -In 2n-2c—2n , ! '2 \ , I 2\ 

Ma Oa + o(£„) -f ) 


where C is some constant that does not depend on a nor on 7. Up to choosing 7 
small enough we therefore obtain (I4.41I1 . □ 


Note, as the proof of Claim l4^ shows, that one could have obtained more easily 
a less precise estimate on I3, defined in (14.461) : indeed, requiring only the to 
converge to Xq in C^{M) would yield, for any G i3o(3^Q): 

h < yia6a{ZaY~'^ 

instead of (I4.57p . One would then subsequently obtain that 

ec.<C{yl-H-^ (4.62) 

in (j4.42|) . This estimate is actually enough to conclude in dimensions 3 and 4 if the 
convergence of the X^ is in C'^(M), see Claims and W7f\ below. In dimensions 
n > 5 the C'^(M) convergence is needed to push the analysis one step further but, 
as soon as n ^ 6, (14.621) remains precise enough to provide a suitable starting 
point to improve the estimates on up to second order. It turns out that if 

n = 6 estimate (j4.62|) fails to be sufficient to perform the required second-order 
approximation of £^Za and that (14.421) is needed. See the computations leading to 
equation (14.1051) below for more details. 

In high dimensions Claim 231 is not enough to conclude. We now push the analysis 
one order further and estimate the difference |£^ {Za — Va — Pa,k)\^- This 

time, unlike in Claim 2!H controlling Va by Ba with Claim 231 is not enough, and 
the precision of the approximation of Va by the bubble Ba comes into play. Such 
a precision is unknown at this stage. In the next Claim we obtain a simultaneous 
description of the second order terms in the expansion of both Va and C^Za- We 
simultaneously carry out the ping-pong analysis to handle these unknown second- 
order terms. As stated in the previous paragraph, and as we will see in the last 
step of the proof of Proposition 13.31 - namely Claim 14.71 - Claim 14.41 is enough to 
conclude in dimensions 3 and 4. For the next Claim we will thus assume that n > 5. 

Claim 4.5. Assume n > 5. Let (ua, Wa)a be a sequence of solutions of (EH) such 
that EH and (|3.1|1 hold. Let {xa)a and {pa)a be two sequences satisfying (14.11) 
and dlH and define Va and Za as in (2H - Let {6a)a be a sequence of positive 
numbers satisfying 5a = 0(ra) and: 

5a = o ifn = 5, 



5a , , 

--boo and 

Pa 


5a =0 


if n> 6. 


(4.63) 
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Then there holds 


£a + h'a^a Pa < 


T, 


n—1 


§n ’ 

where £a and /3a are as in (14.3311 . and for any Za S Bo(2Sa) we have: 

\ n—1 


{Za) <C(^] OaiZa) 


C^Za 

where 9a(za) is as in (14.351) . 

Proof. The proof proceeds in several steps. 
Step 1 : there holds, for any Za £ Bo(26a): 


(4.64) 

(4.65) 


n 

[Za -Va-Y, Pa,k) (Za) < 




4“ t^aPa^ t^a || || oo^a (-^a) 

+ yPaOa{ZaY~'^ + O (^a) , 


(4.66) 


where we have let, in Bo{8pa): 
and the L°°-norm of Ra is taken over Bo(2i5q,). 


Ra — Va Ba , 


(4.67) 


To prove 1)4. 66 p . we write once again a Green representation formula for Aj in 
Bo{3Sa). By (14.321) and (14.41) . there holds on i?o(3(5a): 


l^iZa-Va-Y ) (y) = 2*e'dk ln<^a (-C^^a),, 

V k=i J i 

+ vl^{y) (la(2/) - Xa(0) - yPdpXaiO))^ + (fa)^ (y) 

+ (vl^iy) - Bl^/y)) (X„(0) + yPdpXaiO))^, 

where ipa is as in (13.8p so that we can write, for any Za £ Bo(2Sa)'. 


(4.68) 


n 

/:« (Za -Va-Y ^“4 


k=l 


where we have let: 
Jb = 

Ji = 


(za) ^ G (Jb + Ji + T 2 + J 3 + J 4 ), (4.69) 


(y)da(y), 


/ \za-y\^-- 

A l^a-Ga- VPa.fe 1 

/aBo(|5c) 

\ k=l J 


Za-y\^ "^lyWC^Zal^iy/dy, 

J2= j \za-y\^~'"\y\^v‘^Yy)dy, 

JBn(3S„) 

(ea + Pa\y\)\za-y\^~'' vl^ - B^^ {y)dy, 


J 3 = 


J4 = 


'Bo (35c) 

/ 

'Bo (35c) 

/ 

'Bo (35c) 

/ 

'Bo (35c) 


[ \za-y\^ ""dy. 

JBn(3S„) 


(4.70) 
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We estimate Jb using Claim 031 (with a radius there holds that 




+ 




(4.71) 


that 


Ji < C5c, (4.72) 

and that 

J2<C^lle^{zc,Y-^, (4.73) 

for some C > 0 independent of a. Using (14.411) and (14.361) it is easily seen that 


Ji < O (4.74) 

where we have used that = 0{^a) for any n > 3 due to (14.631) . Finally there 
easily holds: 

Js < C(e„ +/r„/3„)Aif^||i?„||oo0a(^a)^-". (4.75) 

Gathering (|4.71|) . (I4.72L (I4.73L (14.741) and (|4.75l) in (I4.69|) we therefore obtain 

n-2 

(14.661) . Clearly there holds ||7?a||oo < 1, but this control is not precise enough 
for our purposes. We now use the improved estimate (14.661) to obtain a better 
control on Ra ■ 


Step 2: there holds 


for some positive C, where 


|i?alloo<GM„ 


(4.76) 


_L _i_ j_ ^2 ,d“"2"A"+2 _i_ 


Ma — ^ ” 4" Ma ^ + Mo 


+ eaMo 


+ Mr^(5:/3^ (4.77) 


for all a. 

By definition of Ra as in (14.671) and by (14.41) . it satisfies : 


AgRa = [fa - /a(0)) + /„(0) [v, 


-M - /in 


Ua + 


(4.78) 


Let {ya)a be a sequence of points of BQ{25a)- First, if 5a < |ya| < 2^^, there holds 
by (03^ : 

\RM\ = O [p^51-^-^) = 0{Ma), (4.79) 

where Ma is as in (14.771) . Assume now that pa & Bq{ 5a)- A Green formula for Aj 
in Bo{2Sa) at pa gives, using (14.631) : 


\Ra{Pa)\ < C (Ii +I2+B3+B4 +2^5) 


( 4 . 80 ) 


































THE EINSTEIN-LICHNEROWICZ CONSTRAINTS SYSTEM 


29 


for some positive C, where we have let: 

fa{y)-fa{0) vl’‘-\y)dy, 

\ya - y\^~''vl‘-^{y) \Ra,{y)\dy, 

/ \ya-yf~'"vaiy)dy, 

JBo(2<5„) 

[ l2/a-2/P"”(l + IA^a|?(2/))dy, 

■JBo{ 2 Sc) ^ ^ 

[ \ya-y\'^~"'\RM)\da{y). 

JdBn(2S„) 


11 = 

12 = 
^3 = 
Ii = 
15 = 


Bo (25c) 

f 

Bo{26a 

,(25«) 

Bo{2So, 


(4.81) 


ldBo(25c) 

Using Claim 112] and (14.631) there holds that: 

Is < Sl-^, 

that 

that 

I 3 < 

and that 


I 2 < C 


Mo 


Using now (I4.66L (14.361) and (14.371) there holds: 


Ra 


(4.82) 

(4.83) 

(4.84) 

(4.85) 


I 4 <c| + 




2 rn + 2 


=i_ :iLL o 1 — IL 

^ 2 I ., 2 I 


(4.86) 


1 2 rra+2o2 


Note that, by definition of Ra as in (14.671) and by Claims lUTl and l42l there holds: 

||i?a||oo =o(pi-^) . (4.87) 

In particular, combining (I4.87|) with (14.631) and (14.3311 we obtain that for any n > 6: 
Mi”^Pa|lL^r^^a=0(||i?.||oo). 

This gives, in (14.861) : 


I4 < CI = <52A 


® 2 xn q 2 

CX.^ Ol 


(4.88) 


+ O (||i?Q||oo) , 

SO that gathering (|4.82l) . (I4.83|l . (14.8411 . (14.851) and (14.881) in (14.801) we obtain: 


\RM\ < C 


Qa{ya) 


|7?q||oo + CMa + o (||i?a||oo) , 


(4.89) 
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where Ma is as in ()4.77|1 . Note that since Oa{ya) > y-a there holds: 


Mo 




< c 


Mo 




for any 1 < p < 2. 


(4.90) 


In particular the following estimate holds for any 1 < p < 2: 

|i?a(2/o)| ||ii„||oo+CM„+0(||i?„||oo). (4.91) 

\9a[ya)J 

Plugging (14.911) into (I4.8ip we can refine the estimate on I 2 . We obtain, as long as 
p < n — 4, that: 


( \ P+2 ' ■ ' 

da(ya)J 

Using (14.921) in (14.801) it is easily seen that the estimate on improves accordingly. 
Combining (14.921) and (14.911) we therefore obtain by induction that there exists some 
Po > n — 4 such that 


\RM\ <C(-^Y° ||i?a||oo+CM„+0(||i?a||oo). 

\6a{yc,)J 

Plugging once again this estimate into (14.811) and using this time that po > n — 4 
we obtain the following estimate on I 2 : 

/ \ n—2 

T 2 <c{j^\ +CM„+o(||i?„||oo), 

which, combined with (I4.82L (I4.83L (14.841) and (14.881) in (14.801) and with (14.791) 
gives that: 


( \ n—2 

TT^I Pa||oo+CM„+O(||i?„||oo) (4.93) 

0 a[ya)J 

for any sequence of points ya S Bo{2Sa)- To prove (I4.76|) we now proceed by 
contradiction. We assume that Ra is not identically zero and further assume that: 


lim 

a^+oo 


||l^a||oo 


-+ + 00 . 


(4.94) 


We now let ya be such that 


\RM\ = ||i?a||oo. (4.95) 

Then (|4.93l) shows that 

\ya\ = 0{ya), (4.96) 

so that in particular ^Ma < 0a{ya) < Cfia for some positive C. We introduce the 
functions 

n-2 n-2 

Ra{x) = fla^ RaiHaX) and Va{x) = Va{fJ.aX), 


(4.97) 
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which are well-defined in Bq{2^). By (|4.78l) satisfies: 

As (||i?a||-'i?a) = (/a(Ma-) ” /aW) || iic. ' 

+ /a(0)||iia||-' (fir-' - Sf-l) - ^llK{^lo.■)Vc.\\Rc.\\ 


-1 

oo 


|- l ~-2 -1 


+ ba{^J-ay) + HaUaiy-aV) , l|-Ra|loo 0 


(4.98) 


With (14.971) assumption (14.941) becomes: 

/ \ n—2 

lli^alloo » (4-99) 

SO that there holds : 

fait^av) - fa{ 0 ) ||.R„||-' + (^a^) || || "' 


(4.100) 


in C;°^(]R"). Independently, by Claim HTTl there holds for some positive C: 


l^alloo'(fir '(2 /)-^r '( 2 / 

and using (I4.66P we obtain: 


< A, 


(4.101) 




2n 


C^Za 


{yay)\\Ra\\J <\\Ra\\J (elfil+niPl+ -f/i® ) 

? V \baJJ (4.102) 


+ ^ |lI?a||oo- 


Since ^ ||I?q||oo = (14.1021) becomes, using (14.991) and (14.631) : 


,2n 


CfZa 


Xy^ay) 0 


(4.103) 


in C';°^(IR") as a —>■ -foo. Gathering (14.1001) . (14.1011) and (14.1031) in (14.981) and by 
standard elliptic theory we obtain that ||.Rq||;^^.Rq —t Ro in C';q^(R"’), where Rq is 
a solution of 


A^Ro = {2*-l)fo{xo)U^‘-^Ro, 


(4.104) 


where xq = lim Xa and U is as in Claim HIT] In addition, estimate (14.931) gives, 

a—>-+oo 

with assumption (14.941) and letting a —>■ -l-oo: 


Ro{x) <C{1 + \x\f "■ for any x S 


In particular, [/^ ^.Rg G L^(IR"). Since Ro satisfies (j4.104() . Rq is given by the 
Bianchi-Egnell classification result [5] . Since Xa is a critical point of Va and by the 
definition of ya and Ba as in (14.8p and (I4.20p we clearly have that iio(O) = 0 and 
V.Ro(0) = 0, and this implies then that Rq = 0, see [S]. However, if we let ya = ^, 
where ya is as in (14.951) . there holds by (14.961) that ija = 0(1), so that ya ^ yo & 
with Roiyo) = 1. This contradicts (14.941) and concludes the proof of (14.761) . 
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Step 3: Conclusion. We now plug (14.7611 into estimate (j4.66|) and get: 


C 


n 

5 ^ (z„) < 




(4.105) 


+ O^eaffa(Za)^ + o(/i^^a0a (^a) ") + Cfi^0a(Za)^ ^. 


To obtain (I4.105|) we crucially used estimate (14.421) of Claim 14.41 along with (14.631) . 
To estimate £„ and /3„ we proceed as before. Let 0 < 7 < 1. We write with (14.281) 
and (14.6311 that: 


' Bo{2^Sc,)\Bo(-i&c,) 

+ c f 




k=l 


{y)dy < 


C^{ Za — Va — ^ Pa,k 


(4.106) 


I Boi2'y6a)\BopSa) \ 

On one side, using (14.381) and (14.3911 . there holds, by (14.63^ : 

2 


(y)- 


I Bo{2'ySc)\Bo{^Sa) 


•^5 fa + L^Pa,k 


fe=l 


{y)dy > +7-”/3^Mi^a”) 


for some positive constant C that does not depend on 7 . On the other side there 
holds, using (14.10511 : 


I Bo{2jSc)\Bo{'ySa) 


i Za — Va — ^2 ^“7 


fc=l 


iy) 


< 




Gathering the latter two results in (14.1061) yields (I4.64L up to choosing 7 small 
enough, since there always holds: 

yl = o{f.il-X2 

under assumption (14.6311 . Finally, (I4.65P clearly follows from (I4.36p . (j4.37|) . (I4.64L 
(I4.105P and (14.6311 and this concludes the proof of the Claim. □ 

The next step of the proof consists in showing that estimate (14.651) actually holds 
up to the radius . By Claim 14.51 above it is therefore enough to show that 
satisfies (14.631) . 

Claim 4.6. Assume that (12.21) holds. Let (ua,Wa)a be a sequence of solutions of 
(EH) satisfying (13.11) and (xa)a, {Pa)a be two sequences satisfying (14.11) and (14.211 . 
We assume that the assumptions of Theorem \2.1\ hold. Then we have: 


= O 
= O 


3 < n < 5 and Bq ^ 0, 


(^a) if 

^ if n>‘i and Xo(xo) 0, 
ra = 0 (pa~^ ) ifn>Q and V fo{xo) yf 0, 
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• Ta = O ^ ^ if n > 6 and 

> 0 , 

where xg = lima;^ and C(n) is some positive constant depending only on n given 

Q—>- + oo 

by (14.1201) below. As a consequence, Claims \jm an hold for 6 a = ra and there 
holds: 

( \ n—l 

Oa{Za)-^ (4.107) 

for all a and all Za G Bg( 2 ra). 


Proof. We first assume that 3 < n < 5 and bg ^ 0. Let Ga be the Green function 
of the operator Ag + ha in M. Since Ag + hg is coercive there holds, for any x G M 
and for some positive constant C: 

_ 1 ba 




,2* + l 


dVg. 


We have 


faK 


2 - 2 * 

> -- -bn 


(2* + l)bn 


2*+l 

2 - 2 * 


y2* + l - 2* - 1 “ V (2* - l)/a 

and since bg ^ 0 there thus exists some positive eg independent of a such that: 

Ua > Eo- (4.108) 

By the definition of as in (14.211) we therefore obtain 


= O 


( 4 ). 


(4.109) 


If 3 < n < 4, (14.1071) is a consequence of Claim 14.41 with (14.1091) since in these 
dimensions (14.1091) implies pLa = O {pdfp^r~'^Y If n = 5, (I4.107|) is a consequence 
of Claim HD and of (lOra . 

Assume next that n > 3 and Aio(a:o) ^ 0. This means that £„ 74 0 as a —>■ oo. We 

n — l 

proceed by contradiction and assume that >> /ra" . We then let 

5a = min (ra,pia'j . 

There holds 6 a >> p-a- Estimate (14.421) of Claim therefore applies and shows, 
since Eq 7 ^ 0 , that: 

Ea = O {Pl-^5a-) . 

n — l 

However, by definition of 5a it is easily seen that 5a » Pa" , which yields a 
contradiction with £« 7 ^ 0. Hence, ra = O {^Pa" ^ and (14.1071) follows from Claim 

WM 


Assume now that n > 6 and that Xo(a;o) = 0. We let {5a)a be some arbitrary 
sequence of positive numbers satisfying 

— —>■ + 00 , 5a < ra and 5a = O (pa^^j . (4.110) 

pa \ J 

In view of the assumptions of Theorem l2.ll we only have two cases left to consider. 
First, assume that 57fg(xg) ^ 0. To extract informations on ra as we previously 
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did for the Xo(a;o) ^ 0 case we start obtaining an estimate on |V/a(0)|{. To do 
this, we let V G K" be some fixed vector of norm 1 and apply a Pohozaev identity 
to Va on Bo{Sa), where 6 a satisfies (14.1101) . It writes as: 


'dBo{Sc) 


|Vua|^ - Y^dkVadvV^ da = 

-L 


Y^dkVahaVady + / Y^dkVafavl ^ dy 
Bo (5c) JBo(5c) 

2 ^ 


(4.111) 


+ 


Y dkVa 1 ba + 


/Bo (5c) 


Ua Y a 


'dy. 


Using the definition of Tq, as in (I4.2ip and (j4.110l) we have that 

- Y>^dkVad,Va^ da = 0 , 


IdBoiSc 


that 


/Bo (5c) 


Y^dkVahaVady = o{y,a), 


and that 


/Bo (5c) 


Y^dkVafav‘^a~^dy = O {yYJa^-^) + 0{yia) 


n — 2 
2 n 


fo{xo)-^K-^ + o{l)]Y>^dkfa{ 0 ). 


(4.112) 

(4.113) 

(4.114) 


By (14.1101) we can use Claim 03] to estimate the last integral appearing in (I4.111L 
thus obtaining: 

. 25 


Y dkVa ba + 


/Bo (5c) 


Ua Y 'Pa 


'dy 


(4.115) 


= 0 {fk--^ 6 i-)+o{ya). 

Gathering (I4.112L (14.1131) . (14.1141) and (14.1151) in (14.1111) we obtain that for any 
Y G = 1: 

r/=a,/„(o) = o(/r„) + , 

which gives in the end: 

67fa ^ (0) = 0{ya) Y O • (4.116) 


There holds 


V/o 


( 0 ) 74 0 as a —>■ +00 since we assumed V/o(a:o) 0 . In 


particular, we obtain with (I4.II6I) that there holds: 

6a ~ U I po 


1-2 

1-1 


(4.117) 


for any sequence {6a)a satisfying (I4.110L Assume now by contradiction that there 

n — 4 n —4 

holds Ta » as Q: —>■ + 00 . The sequence fj,a~^ therefore satisfies (14.1101) and 
hence with (14.1171) there holds: 
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which is impossible since there holds for any n > 6. Hence, satisfies 

Va = O (^a~^ ^ and hence Va satisfies (jd.llOL which gives in the end, with (I4.117|) : 

Tq, = O ( ) ■ 


(4.118) 


Estimate (14.1071) now follows form Claim H3] 

Finally, if there holds Xo(aio) = 0 and Vfo{xo) = 0, we assume that 
n-2 . . Agfo{xo) 




> 0 , 


where 


and 


C{n) = 


1 + 


n{n — 2) 


2—n 


-1 


dx 


(4.119) 

(4.120) 


iC-” = 2-"(n(n-2))= 

is the energy of the standard bubble. Easy computations give that 

, (n-2)(n-4) 

= 8(„-l) ■ 

We obtain the control on as a direct consequence of the geometric condition 
(I4.118p . We write a Pohozaev identity on i3o(r„): it writes as 

[ (x'^dkVa + ^ ‘^ Va] A^Vadx 

JBo(r^) V ^ / 


JdBo{ra 


(y^iv, 


n — 2 


Tq, {di/Vci) ^ d(T. 


(4.121) 


On one hand, using the definition of Cq,, there holds: 

QralVnall - “ Tq, {d^Vaf^ da = O 


/ dBo(r 


n-2 


On the other hand we can write, using ()4.4I1 . that 


/BoOc) 


where 


Ki = 

-f 


J Bo(r, 

K 2 = 

f 


Bo{ra) 

K3 = 

i 


J Bo(re) 


X dh'^a 


X Oj^Vct 


n — 2 
2 

n — 2 


Z^dkVa 


2 

n — 2 


A^Vadx = Ki + K2 + Ks, 
Va ) ha{x)Va{x)dx, 


(4.122) 

(4.123) 


Va) faix)vl ^{x)dx, 


(4.124) 


ka n — 2 

C OkVa H--- V, 


Ua + 


vZ^'-^dx. 


Since n > 6 and by (14.241) we have, by easy computations and using Lebesgue’s 
dominated convergence theorem, that: 

A + o{nl) (4.125) 
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where is as in (I4.119|) . Using the definition of Tq and since 6a > 0 we can 
write that: 


Ks < 




X^dkVa + 


n — 2 


ba + 


Ua + 


.- 2-1 


where Ra is as in (I4.23|) . We once again consider a sequence of radii {Sa)a satisfying 
(|4.110L Using Claim l4?5] on Bo{2Sa) the latter becomes: 

n-2 

(4.126) 


Finally, since fa —t fo in C‘^{M) as a —>■ +oo we can write with (14.241) and the 
dominated convergence theorem that: 

n — 2 


K 2 — - a - fo{xo) 2 —7^7^.K'n”Ma + o(Ma) 


foixo) 


+ 0 | 1 ^ 




Vfa 


(4.127) 

(0), com- 


Using estimate (14.11611 relative to the sequence {6a)a to estimate 

bining it with (I4.127|) . (I4.122I1 . (14.1231) . (14.12511 and (14.12611 and plugging everything 
into (14.12111 we obtain: 


^^^^R{g){xo) - ho(xo) - C(n)%^^ 

JO(Xo) 


4(n — 1) 


< o{fil) + 0 


n-2 


n—2 


(4.128) 


a-4 

t ,-2 


Assume by contradiction that Va » Ha~^ ■ Then choosing Sa = yields a 

contradiction in (I4.128P because of (I4.118p . Hence Xa = O and (j4.107l) 

follows from Claim 1475] □ 


4.2. Conclusion of the proof of Proposition 13.31 Thanks to the asymptotic 
description of the defects of compactness of the sequences Va and L^Za in the ball 
Bo{xa) obtained in the previous subsection we now conclude the proof of Proposi¬ 
tion [3)3l In the following Claim we show that Xa = Pa, hence that the sequence Va 
equals the standard bubble at first order up to the radius pa- 


Claim 4.7. Thexe holds that, up to a subsequence: 

— Pcx. ■ 

In paxticulax, pa ^ 0 as a ^ -l-oo and Claims \4-4\ and 
Claim f 


Pxoof. For any x G Ho(2), we let: 

Vaix) = Pa ^x'^~'^VaiXaX). 

Using (14.411 it is easily seen that Va satisfies: 

li^^Ua 4“ XahaVa — /ct^a T ..0*4-1 ’ 

Va 


(4.129) 

apply with 6a = Pa by 


(4.130) 


(4.131) 
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where we have let: 


aa(x) 

ha(x) 


^4n-2 


2n-2 



Ua + (fil C^Za{ra-) 


ha{raX), 


fa{.x) = fairaX), 
ba{x) = bair^x), 
Ua{pc) — tj^ 

ipaix) = (paiXaX). 


(x), 


(4.132) 


By definition of r^, by Claimand by (j4.130l) there holds, for some positive C 
that does not depend on a: 


1 

C 


fotiXa) I 

n(n — 2) 


i-$ 


< v„ < C 


n{n — 2) 
faiXa) 


,|2—n 


Using estimate (I4.107|) and (14.13311 one obtains that for any x G Bo(2), 


Ua 


fJ-a 

Ta 


fa (^o 


, ..NM eL-(5o(2)). 
n[n — 2) I 

By (|4.13ip . (|4.133p . (|4.134D and standard elliptic theory we get that 

ha ^ i) in C'/a^(Bo(2)\{0}) 
as a —>■ + 00 , and we have that, for cc ^ 0: 


v(x) = 


An 


In—2 


+ Hix), 


(4.133) 


(4.134) 


(4.135) 


(4.136) 


where An = 


n-2 

( ^f^(xo) ) H is a superharmonic function in Bq(2). By Claim 


14.21 there also holds iJ > 0 in Bq{2). 


We claim that H{Q) >0 if < Pa- Indeed, by the definition of as in (j4.21|) . if 
we assume Tq, < pa there exists a sequence ya G Bn(ca) such that there holds: 

• either VaiVa) = (1 + e)Ba{Va), 

• etiher |Vua(ya)|{ = (1 + e)\VBa{ya)\i, 

• or {x'^dkVa + ^Va) {ya) = 0. 

Letting ya = ^, it is easily seen that each of the above three cases implies that 
either H{ya) or 'S/H{ya) are nonzero which implies, since H is superharmonic and 
nonnegative, that H{Q) > 0. 


We therefore show that Va = Pa by showing that H{0) < 0. Note that since H is 
nonnegative and superharmonic this will actually show that H{Q) = 0, and hence 
that H is everywhere zero. To do this, we let 0 < 5 < 1 and write a Pohozaev 
identity for Va on BQ{Sra)- We have: 


[ [x^dkVa + ^ a ^ Ua ] A^Vadx 

XBoiSr^) V ^ / 


/ dBo{Sra 


Q(5Ta|VUa|| - ^ ^ ‘^ Vad^Va “ bVa {di,Vaf ) d(J. 


(4.137) 
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By (14.13511 and (|4.136l) there holds: 

^ ^ ‘^ VadvVa “ SVa {dyVaf^ da 


' dBo(r a) 


1 


“ ( 2 ^^ ~ 2)^AoWji-iiif(0) + e(d) + o(l) 


n—2 


(4.138) 


where until the end of this subsection e((5) will denote some bounded quantity such 
that 


Independently, there holds 


' Bo{Sra) 


lim e{S) = 0. 

5->-0 


n — 2 


(4.139) 


X dkVa H-^- Va ) A^Vadx = Li + L 2 + L 3 , 


where 
Li = — 


L 2 — 
L 3 = 


> Bo{rc) 

[ 

' Bo(re) 

/ 

' Bo{r a,) 


X^dkVa H-- Va ) ha{x)Va{x)dx, 


X^dkVa + ^ V a ) fa{x)Va{xY ^ dx 


X dkVa 


n — 2 


a I I 


UoL + 


Straightforward computations yield: 
O a ) 


Li — < 


X ( ho{xo) - — \-R{g){xQ) ) + o{fil) if n > 5, 


(x)Va(x) ^dx. 


if n = 3, 
if n = 4, 


(4.140) 


4(n — 1) 

where K~" is as in (14.1191) . Because of Claim ITBl the conclusion of (14.1161) is still 
valid when taking Sa = ra- Hence, mimicking the computations that led to (14.1271) 
we therefore obtain: 


Lo — < 


^Lr-foi^o) +o(Ma) 


fo{xo) 


if n = 3, 


if n > 4. 


(4.141) 


Using the definition of as in (14.211) and the optimal estimate (I4.107L we obtain 
that: 

L3<oifil)+o((i^Y Y. ( 4 . 142 ) 
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We are now able to conclude the proof of Claim 14.71 We first treat the case where 
3 < n < 5. Then (I4.138|l . (j4.140ll . (j4.141|l and (I4.142|) in (j4.137L along with Claim 
14.61 give: 

(^i(n - 2)2Aow„_ii7(0) + e(d) + o(l)^ < o ^ , 

so that letting a —>■ +oo and then 6^0 yields: 


£7(0) < 0. 

Assume now that n > 6. Then H4.138|) . (I4.140|) . (14.1411) and (I4.142p in (14.1371) give: 


Q(n-2)2Aoa;„_ii£(0)+£(5) + o(l)) 


n-2 


< 


ho{xo) - 


n-2 ^Agfo{xo) 


-R{g){xo) +C(n)- 


(4.143) 


Ai+o{nl), 


4(n-l) /o(a:o) 

where K~^ is as in ()4.119l) and C(n) is as in ()4.120l) . We separate the proof for 
n > 6 between three cases. Assume first that Xo(aio) 0. Then by Claim lT6l there 

holds Ta = O ^ and then 

n-2\ 


gl = o\ 


so that (I4.143P gives, taking the limit a —>■ oo and then <5 —>■ 0: 

i£(0) < 0. 

Assume then that Vfo{xo) ^ 0. By Claimthere holds = O ( ) and 

then 


2 I I ^^a 

(^a = 0 \ ( — 


n-2\ 


Once again, (|4.143l) gives £7(0) < 0 taking the limit a —>■ oo and d —?> 0. Assume 
finally that 


n — 2 


^o(^o) - \M g){xo) + c{n) < o. 


.^gfoixo) 


4(n — 1) 


fo{xo) 


In this case there holds 


i(n - 2)^Xoc^n-i^^^Kfoixo)^H{0) 

< lim ho{xo)-^ — \-R{g){xo) + 


a—>-+oo 


4(n — 1) 


fo{xo) 


and hence, once again, £7(0) < 0. This therefore concludes the proof of Claim W77\ 
and shows that Xa = Pa- Q 


Remember that the definition of in (14.211) depended on some fixed parameter 
e > 0. Claim IT771 shows that Ta actually does not depend on e since Tq = Pa- This 
yields then: 


sup 

Bo(Pc) 


Vg 

Bn 


o(l) 
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as a —>■ + 00 . Since by Claim 14771 there holds pa —)> 0 as a —>■ oo, this concludes the 
proof of Proposition 13.31 


5. Instability results 

In this section we prove Theorem l2.3l We show that the assumptions of Theorem 
12.11 are sharp by constructing blowing-up sequences of solutions of system (12.11) . In 
dimensions 3 to 5 we construct such examples on the standard sphere. In dimensions 
n > 6 we construct them on closed manifolds of positive scalar curvature admitting 
a locally conformally flat pole and with no conformal Killing 1-forms. We adapt, in 
dimensions greater than 6 , the constructions of Druet-Hebey [TS] and distinguish 
between dimension 6 and dimensions n> 7. 

A manifold {M,g) is said to have a conformally flat pole at xq S M if p is 
conformally flat in a neighborhood of xq; locally conformally flat manifolds are 
such manifolds. Recall that a manifold {M,g) is said to have no conformal Killing 
1-forms (or equivalently, no conformal Killing vector-fields) if any 1-form satisfying 
CgX = 0 in M is zero. Nontrivial conformal Killing 1-forms may be found on 
specific manifolds, but as shown in Beig-Chrusciel-Schoen [2] they generically do 
not exist. Examples of manifolds of positive scalar curvature with a conformally flat 
pole and having no conformal Killing 1-forms are obtained by considering quotients 
of S" by isometry groups acting freely and properly. For instance the projective 
space Pri(R) = S"/{±1} is an example in any dimension n > 3. 


5.1. Instability in dimension 3 < n < 5. We state our instability result in 
dimension 3, for the sake of clarity. However, such an easy construction can be 
carried out in dimensions 4 and 5 without additional difficulties. 


Proposition 5.1. Let (S^,h) be the standard sphere. There exists a sequence 
(Ua,Ya)a respectively of smooth (2,0)-tensor fields and smooth 1-forms such that 

> U in 


and 


Ua 




Y in C°iS^) 

as a ^ -bcxD, where U ^ 0, and there exists a sequence (ua,Wa)a, with Ua > 0, 
satisfying: 


. 3 85 , \Uc.+£hW^\i 

— T'Wq, H-7-, 

4 4 ul 

^hW^=ulX + Y^, 


(5.1) 


where X ^0 is some fixed 1-form in and maxM Ua —>■ +00 as a ^ -l-oo. 

Note that in view of Theorem the coefficient X in (EH vanishes somewhere. 


Proof. We consider xq S and consider spherical coordinates centered at Xq, which 
we will denote by (r, 9, fi). It is well known that in these coordinates the metric h 
takes the following form: 

/I 0 0 

h(x) = I 0 sin^ r 0 

\0 0 sin^ r sin^ 0 
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where r = dh{x, xq). Let {Xa)a, Xa > 1, be a sequence of positive numbers converg¬ 
ing to 1 as a —>■ - 1 - 00 . Let, for any x G : 

ipaix) = (Xl-l)^ {Xa-r)~^ , (5.2) 

where r = dh{xo,x). The functions ipa satisfy: 

(5.3) 

be the maximal solution of the 


3 3 


Let 0 < S < ^. For any a, let Za ■ ( 0 , 7 r) 
following ODE: 


Z" + 2cotrZ'^ + (l - 2cot^ r) Z^ = 


(5.4) 


satisfying Za(7r/2) = 1 and Z'^(7r/2) = 0, where ipa is as in (15.21) . By (15.21) and 
standard ODE theory it is easily seen that, for any £ > 0, Za is uniformly bounded 
in a in C'^{\e,'K — e\). Let now ly G C°“([ 0 , 7 r]) be such that ly ^ 0 in [ 0 , 7 r] and ly = 0 
in [0,(5] and in [tt — (5,tt]. We let, for any x G 


Wa{x) = ri{r)Za{r)-^, 


(5.5) 


where r = dh{xo,x). By definition of ?y and Za, Wa is smooth in S^, it is zero in 
Bj;g{S) and in and it is uniformly bounded in a in (^^(S^). Straightforward 

computations using (15.4p and the fact that Wa is radial and only depends on r yield 
that Wa satisfies: 

'^hWa = ‘pIXo + 

where we have let 

d 

Xq{x) = r]{r) 


(5.6) 


dr 


and 


Ya = -|(^2?y'(r)Z(,(r) -|- r]"{r)Za{r) + 2 cot r-q’{r) Za{r)^ 


It is then easily seen that Yq converges in C^{S^) to some smooth 1-form To- It 
remains to define: 

Ua = -ChWa, (5.7) 

where Wa is as in (15.51) . Here again, since Wa is uniformly bounded in (7^(8^), Ua 
converges in (^^(S^) to some symmetric traceless ( 2 , 0 )-tensor Uq- Since we assumed 
that Zair^jZ) = 1 and Z(,( 7 r/ 2 ) = 0 there holds: 

GHW(|.o.0) = 5V(|). 

SO that it is always possible to choose q so as to have a nonzero Uq. Using (15. 3L 
dESl) and (E31) we obtain in the end that (ipa , Wa ) satisfy: 

. 3 85 , \Ua+ChWa\l 

4 4 

^hWa = iflX + Ya, 

which concludes the proof of Proposition 15.11 


□ 
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5.2. Instability in dimensions n >7. 


Proposition 5.2. Let {M,g) be a closed manifold of dimension n > 7. We as¬ 
sume that {M, g) has a locally conformally flat pole, that (M, g) has positive scalar 
curvature and that {M,g) has no nontrivial conformal Killing 1-forms. There exist 
examples of smooth functions t with Vr ^ 0 and of traceless divergence-free tensor 
fields U ^0 such that there exists sequences {ha,Ua,Wa)a of smooth functions and 
smooth 1-forms in M satisfying: 


, n — 2 

ha —> -r 

a->oo 4(n — 1) 

Ua > 0 , supj;^ Ua ^ oo and 


{R{g) - |Vr|2) ^n C°{M), 


^gUcx hcxUa — ^ 

^aWa=-'^ul^VT. 


(n — 2 ) 2 * 1 

ui ^ ■ 




(5.8) 


(5.9) 


Proof. Let xq G M he such that (M,g) has a locally conformally flat pole at Xq. 
Let (fi G (/? > 0 be such that g := ipg is the round sphere metric in Bj;g{S), 

where <5 > 0 and Bxfid) is the ball of center xo and radius <5 measured with respect 
to g. Let T] G C°°{M) be a nonnegative function satisfying 77 = 1 in B^gi^) and 
f] = 0 outside of Bxg{5). Let r G C°°{M) be a smooth function satisfying Vt = 0 
in Bxg{5) and U he & nonzero traceless divergence-free (2,0)-tensor field. We let 
{uq, Wo), with uq > 0 , be a smooth solution of the following system: 


AgUo + 


n — 2 
4(n — 1) 


{Sg-V^ 


|Vr|^ 


Uo = 


n(n- 2) 2 *-i 


1 \U + CgWo\: 




,2‘ + l 


u?' n — 1 9 . 

[ AgWo = - ul Vr. 

(5.10) 

By the conformal covariance property of the conformal laplacian finding such a 
{uo, Wo) amounts to solve the following system: 


Agipuo) 


n — 2 
4(n — 1) 


{Sg - |Vr|^) (puo) 


n{n — 2) 


(puo) 


2-1 


-b 


\U + CgWo\l 
(V5Wo)"*+i 


I _ y 77 _ 1 ^ 

I AgWo = - {puo)'^ Vr, 

(5.11) 

which is always possible as long as U is nonzero and ||Vr||oo + ||tf||oo < C, where 
C is a positive constant that depends only on n and g. We refer for this to the 
existence result in Premoselli [35]. Let (Aa)a, Aa > 1, be a sequence of numbers 
such that Aa —>■ 1 as a —>■ 00 . We let in the following: 


Pa{x) = (A^ - 1 ) “ (Aa - r)^ = , 


(5.12) 


where r = cos dg (xo,x). Since g is the round metric in Bxg(5) and by definition of 
T] there holds: 



n — 2 
4(n — 1) 



(Wa) 


n(n — 2 ) 9 . 1 


+ 2(V?7, Vpa)g + PaA-gP, 


(5.13) 


4 
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where V stands for the gradient operator for the metric g. For the sake of simplicity 
we let in the following: 




(5.14) 


4(n — 1)' 

Note that there holds: 

Eniuo){xo) = 0. (5.15) 

Since M has no conformal Killing 1-forms, we can let Za be the unique 1-form 
satisfying in M: 

(5.16) 


n — I 


AgZa = --—^ (uo -I- rjipaf Vt. 


We define: 


An —■ 


1 ( \U + CgZn\l \U + CgW^\]' 

2*4-1 ,,2*4-1 


and 


Fn = 


"-P \{uo+r]ipa) 

+ (jl'^ -gj ifa- ^{Vri, Vipa)g “ ^aA^-gV 

n{n — 2) 


{uo+riipaf ^ - iwa) 


2*-l 


We also let ipa be the unique solution in M of: 

Tl — 2 

-Sgljja = {Fn + An) ■ 


Agl/'o 


Finally, we let 


4(n — 1) 


Un = Uo + ^Pa + ’4>a 


(5.17) 

(5.18) 

(5.19) 


(5.20) 


where (pa is as in (|5.12l) and define Wa as the unique 1-form in M satisfying: 


TTT ^ — 1 9* -9*„ 

AgWa =- ip u\ Vt. 

n 


It is easily seen that (mq,, Wa) satisfies in M 

i(n —2) _ 2 *_i 1 |t7-|-£gWQ 


A^gUa haUa — 




-P- 


n — 1 


(5.21) 


(5.22) 


AgWa = - -{(pUa)'^*VT, 


where we have let 

r _ n — 2 n{n — 2) 

— T7 TT^a^c 


4(n — 1) 


Ua ^ - (wo + Wa) - Fn{uo) 


1 (\U + CgWa\] \U + CgZa\l 


(5.23) 




-, 2 * 4-1 


(Uo + Wa)^ / ’ 

where Za and Wa are as in (15.161) and (15.211) . In what follows we investigate the 
convergence of ha- First, we always have 


(uo + gipa) -Wo^ <Cpa^ On M\B^g{S) 
for some positive constant C, where we have let 

Ma = Aq, — 1, 


(5.24) 
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SO that with (15.101) and ()5.16|1 there holds by standard elliptic theory, see Section [7] 
||/:g(^o-W^o)IL=o(M)=o(M?^). (5.25) 


In particular this yields 
1 


,2* + l 


\U + CgZ^\l-\U + CgWQ\l (x)<C/i' 


(5.26) 


for any x S M, where C does not depend on a or on x. With (I5.26|) and (15.121) we 
can write that: 


\U + CgZa\g[{uQ + 'qipa) -uo ^ )< C min (!,(/?„) 


in M. This then gives, with (j5.26l) and by the definition of Aa in (15.171) that: 

|Aq| < 0(min(l, (/?«))+0 , (5-27) 

where fj,a is defined in (15.241) . Independently, there holds with (I5.18|) that 

\Fa\ < O “^)) . (5.28) 


Let Xa be a sequence of points in M. By definition of i^a as in (15.121) and by (15.2411 
there holds: 


1 


f^O 






C dg{xo,XaY ) dg{xo,Xa)'^ , 

for some C > 0 independent of a. A Green formula using (j5.19l) gives: 


\' 4 ^a{xa)\<C ( dg{xa,yf‘ \Fa\{y)dvhijj) 
J M 

+ c f dg{xa,yf~'^\Aa\{y)dvh{y). 
Jm 


(5.29) 


(5.30) 


Using (15.271) there holds: 


dgixa,yf \Aa\{y)dvhiy) 


IM 


= O / dg{xa,yf '^dvhiy) 

\Jdg{xo,y)<^/JI^ J 

+ 0 ( / dg{xa,yf~^(pa{y)dvh{y) 

\Jdg{xo,y)>^JI^ . 


(5.31) 


O 


[yT). 


With (15.291) we obtain: 


'dg{xo,y)>^/JIZ 


dg{Xa,y) '^iPaiy)dVhiy) = 0{fj,a) 


(5.32) 


[ dg(xa,yf '"\Aa\iy)dvh{y) = 0{ya). (5.33) 

J M 


SO that there holds: 
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Using (|5.28[l there holds: 

dg{xa,yf~'^ |F„| {y)dvh{y) 


IM 


= O 


O 


' dg{xo,y)<^/JI^ 


dg{xa,y) dvhiy) 


\j dg{xo,y)>^/ji:;: 

and using (15.321) and (j5.29|) yields in the end: 


dg{xa,y) '^ipa{y)dvh{y) 


f dg{xa,yf '^\Fc,\{,y)dvh{y) = o( ^ +0{na), (5.34) 

JM \^OL\^Oi) / 

where da(Xa) = (y-a + dg(Xa,Xo)^) ^ and y,a is as in (15.2411 . In the end, (15.331) and 
()5.34[1 in (j5.30[l give: 

2 


\i’aiXa)\ = O 




(5.35) 


^ da (^Xa ) . 

Note that so far all the computations in the proof of Proposition 15.21 actually hold 
for any n > 6. We now use the assumption n > 7 to write that 

\4-r, 


{Xc 


^-2 


o{ya'" 9a{Xa) 

0 {Ha) 

so that (15.3511 becomes, for n > 7: 

\^a{Xa)\ = O {y'^ 9a{XaY~'^'^ + 0{yLa). 


if da(Xa} '\/~y^ 
if da{Xa) > ^y/y^ 


(5.36) 


We can now investigate the convergence of ha defined as in (15.231) . First, note that 
(15.361) implies that 

^ —>■ 0 and —)► 0 in C^{M), (5.37) 

where Ua is as in (15.20(1 . In particular (15.371) along with the definition of Ua show 
that supj\.^ Ua —t + 00 . There also holds by (|5.37l) : 


^ ~2*-l / , n2*-1 

— Ua - (Uo + Wa) 

U(y L 

Then, since uo is assumed to satisfy En{uo){xo) 
we have as a —>■ +c» 


o(I) in C°{M). (5.38) 

= 0, where En is defined in (I5.14L 


Enjup) Enjup) 

Ua Up 


Finally, we write that 

\U + £gWa\l \U + CgZa\l 

+ l / I \2* + l 

Ua [Uo + r]ipa) 


^|^^^-2*|Vr|2inC°(M). (5.39) 

= [\U + CgWa\l-\U + CgZa\l) 

\U + CgZa\l - {up + yipaV^ , 
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where Wa and Za are as in (15.2111 and (I5.16I1 . With (|5.20|1 . (15.2611 and (15.3711 there 
holds: 


■^\U + CgZX - K + Wa)”'*"') = o(l) in C°(M). (5.40) 

We have, independently, by (I5.16|) . (15.2111 and (15.20^ : 

(Wa - Za) = - ^ ^ - (Ua “ V'a)' ) Vt. 

By standard elliptic theory (see Section [7]l and (15.3711 there holds, since X = 0 in 
^xo (s)' 

\\£giWa-Za)h^^j^^=oil). (5.41) 

Gathering (15.3811 . (I5.39p . (I5.40p and (15.4111 in (15.2311 we therefore obtain: 

^ 4{n -\) ~ C'°(^)- (5-42) 


We define, in the end: 

Ua = '•pua- (5.43) 

The conformal covariance property of the conformal laplacian gives that 

n — 2 


Ag + tt-— %tR{ 9) ]ua = 


2*-l 


A, 


^ " 4(n - 1) V V " 4(n-l)^® 

and in the end we obtain that (mq, Wa) satisfies: 

A , u _n{n-2 ) 2 *_i , \U + CgWa 

^q'^OC ^OC^Oi — . 


Sg I 5 


g t I U<Q; 


4 


n 


in M, where we have let: 


haUa = -^^( 5 ) + </?'* ' 

4{n — 1) 




ha - 


4(n — 1) 


and where Ua and Wa are as in (15.4311 and (15.2111 . The convergence in (15.4211 gives 
in the end: 


n — 2 


“ 4(n - 1) 

which concludes the proof of Proposition 15.21 


{Rig) - |Vr|2) , 


□ 


Notice that the same argument that led to the existence of {uo,Wo) satisfying 
(15.1011 shows that the limiting system (15.911 when ha is replaced by its limit in (15.811 
possesses nontrivial solutions. 


5.3. Instability in dimension 6. 


Proposition 5.3. Let {M,g) be a closed manifold of dimension 6. We assume that 
(M, g) has a locally conformally flat pole, that (M, g) has positive scalar curvature 
and that {M,g) has no nontrivial conformal Killing 1-forms. There exist examples 
of smooth functions r, h with Vr ^ 0, h > 6 and of traceless and divergence-free 
tensor fields U ^ 0 in M such that there exists sequences {ha,Ua,Wa)a of smooth 
functions and smooth 1-forms in M satisfying: 


ha 


h in C°{M), 


a—>-oo 
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Ua > 0 , supj;^ Ua ^ oo and 


AgUa + haUa = + 


\U + CgW^ 


AgWa = --<Vr. 


Proof. As before, we let Xq G M he such that (M, g) has a locally conformally flat 
pole at Xo, if G C°°{M), (^ > 0 be such that g := ipg is the round sphere metric in 
I3xu{6) (the ball being taken with respect to the metric g) and we let ry G C°°(M) 
be a nonnegative function satisfying 77 = 1 in Bxo(§) and 77 = 0 outside of Bxg{S). 
Let (Aa)a, Xa > 1, be a sequence of numbers such that ^ 1 as a —>■ oo. We let 
T be a smooth function in M which is constant in B^g {S) and U a nonzero traceless 
divergence free tensor field in M. Since {M,g) has no nontrivial conformal Killing 
1-forms we can let (ug, Wg), with mq > 0, be a solution of 


f . , lo .2,1 \U + CgWg\ 

I AgUg + -5^770 = -677„ + ^- -4 - 

[ IgWg = 


(5.44) 


Here again, the conformal covariance property of the conformal laplacian reduces 
the resolution of (15.441) to the resolution of the following system: 


f 1 2 \U + BgWg\ 

I Ag{ipug) P -Sg{^pug) = -6((/3Uo) H- 

[ IgWg = -^{ifUgfVT. 


(5.45) 


The arguments developed in Dahl-Humbert-Gicquaud [13], Proposition 2.1, yield 
the existence of such an {ug, Ho), at least when || Vt||oo is small enough. Let (Aq)q, 
Aq, > 1, be a sequence of numbers such that Aa —>■ 1 as a —>■ oo. We let in the 
following: 

ipa{x) = {Xl - 1) {Xc - r)~^ , (5.46) 

where r = cos dg {xg,x). Since g is the round metric in B^^id) and by definition of 
77 there holds: 


A 


9 + ^Sg 


(Wa) = + 2(V77, Vipa)g + 


(5.47) 


where V stands for the gradient operator for the metric g. We let Za be the unique 
1-form satisfying in M: 

^gZa = -^{ug + rjipaf (5.48) 

We define: 

^ _ 1 / \U + CgZ^\l \U + CgWg\l \ 

\ {uo + VPa)'^ “o / (5.49) 

+ -'n)va- 2{Vg,V(pa)g - ^aAgg. 

We also let ifa be the unique solution in M of: 

Agifa + ^SglPa = 


(5.50) 
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Finally, we let 

Me = Mo + + ^a, (5.51) 

where ipa is as in (15.461) and define Wa as the unique 1-form in M satisfying: 

5 


AgWa = 


It is easily seen that (mq,, Wa) satisfies in M 


^g'^OL “t“ haUa — “t“ 

^ 5 


]\^+CgWa 


(5.52) 


(5.53) 


where we have let 


haUa — ^Sglla 6 (Ua V^a) 


1 f\U + CgWa\l \U + CgZa\l^ 


(5.54) 


(f^ 


(uo + rjifa) 


where Za and Wa are as in (15.481) and (15.521) . In what follows we investigate the 
convergence of ha- First, we always have 

{uo + r](pa)^ - uo^ < Cfj-l on M\I3^^{S) 
for some positive constant C, where we have let 

hl = K- 1, (5.55) 

so that with (15.441) and (15.481) there holds by standard elliptic theory, see Section 0 


\Cg (Z„-VFo)|lio.(M) =0(Ma). 


In particular this yields 
1 


\u + CgZa\i-\u + CgW^\l {x)<Ciil 


(5.56) 


(5.57) 


for any x £ M, where C does not depend on a or on x. With (I5.57|) and (I5.46|) we 
can write that: 

\U + CgZa\^g ((mo + Wa)”"' - < C min (!,(/?„) 

in M. This then gives, with (j5.57l) and by the definition of Aa in (15.491) that: 

\Aa\<0{niin{l,ipa))+0{fj.D , (5.58) 

where Ha is defined in (I5.55|) . Let Xa be a sequence of points in M. By definition 
of ipa as in (15.461) and by (15.551) there holds: 

2 / \ 2 


C -I- dg{xo,Xa)‘^ 


< ^a{Xa) < C 


^2 + dg{xQ,Xa)‘^ 


(5.59) 


for some C > 0 independent of a. A Green formula using (15.501) gives: 

\'^a{Xa)\<C [ dg{Xa,y)~^\Aa\{y)dVh{y)- (5.60) 

JM 
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The computations that led to (15.331) apply here and yield: 


dg{xa,y) ‘^\Aa\(]j)dvh{y) = 0{y.a)- 


(5.61) 


/M 


In the end, (15.6111 and (I5.60|) give: 

\'>Pa{Xa)\ = 0{yLa). (5.62) 

In particular (15.621) along with the definition of Uq, in (15.511) show that sup^ Ua —>■ 
+ 00 . We now write that 

\U + CgW^\l \U + CgZ^\l ^ ^ 

— ( |17 + CgWo,\ \U + CgZa\ ) Uq, 




(uo + ry+a) 


+ |f7 + CgZa\l - (mo + Wo) , 


where Wa and Za are as in (15.521) and (I5.48|l . Mimicking the computations that 
led to (I5.4ip and using (15.621) we obtain: 


^ \^gZc\l (ua^ - (mo + Wa) = o(l) in C°{M), 


and 


\\Cg =0(1). 

Finally, using (15.6211 we have that 

«a - +a = 2uoUa - Uq + o(l) + o{Ua). 

Gathering (15.6311 and (I5.64p in (I5.54|l we obtain: 

K is'g + 12uo in ^“(S®). 

D 

We finally define: 

Ua = 

The conformal covariance property of the conformal laplacian gives that 


(5.63) 

(5.64) 

(5.65) 

(5.66) 

(5.67) 


1 


® ' 5 

and we obtain that (uq, Wa) satisfies: 


Ag + -R{g) ) Mq, = + ( Ag + -Sg Ua, 


1 


\U + CgWaV„ 

^g'^a H“ hoilLct — i 


M7 


5 , 

AgWa = --U^Vt 


in M, where we have let: 


1 


haUa — ^R)g) + + ^^a ^^gj 

and where Ua and Wa are as in (15.671) and (I5.52p . The convergence in (15.6611 gives 
in the end: 

ha —>■ —R{g) + 12ip^uo, 

5 

which concludes the proof of Proposition 15.31 □ 
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Here again, the limiting system obtained by replacing ha by h in (j5.9l) possesses 
nontrivial solutions provided ||VT||oo + ||17||oois small enough. It is a straightforward 
consequence of the arguments developed in Premoselli |35] . 


6. A Harnack inequality 

We prove in this section a Harnack inequality for solutions of the Einstein- 
Lichnerowicz equation which was used throughout the paper : 

Proposition 6.1. Let a,f,h be smooth functions on Bo(2) C M" and let u € 
{Bq{ 2)) he a positive solution in Bq{ 2) of 

A^u -\-hu = fu^ ^ . 

+i 

We assume that / > 0 and a > 0, a ^ 0 and that 

I|w||l~(Bo( 2 )) < M 

for some positive M. Then there exists C > 0 depending only on 

l|a|lL“(Bo(2))' II/IIl~(So(2)) such that 

sup u < C inf u . 

Bo(l) 

The proof follows the lines of the standard Nash-Moser iterative scheme. How¬ 
ever, the negative power nonlinearity of u makes the proof more involved. In 
particular, unlike the standard Harnack inequality, Proposition 16.II is no longer an 
a priori estimate and does not induce a control on the L°“-norm of Vu in Bq(1). 


Proof. First of all, since u, a and / are nonnegative there holds 


Aju + hu > 0 


in Bo(2). Hence Theorem 8.18 in Gilbarg-Trudinger (22] applies and shows that for 
any 1 < p < there exists Ci{h,p) depending only on \\h\\i^aa(^Boi2)) and p such 
that 

inf u> Ci{h,p)\\u\\LP{Boi 2 ))- (6.1) 

Bo(l) 

We now aim at proving that for any p > 1 there exist C = C{a,h, f, M,p) such 
that 

sup U < C\\u\\lp(Bo{ 2 )), 

Bo(l) 

an estimate which together with (lOI) concludes the proof of the proposition. We 
adapt the steps of the proof of Theorem 4.1 in Han-Lin [53]. Let fc > 2* -f 2 be 
given and rj € C^(Bo(2)) be a smooth positive function with compact support in 
Bo(2). Multiplying the equation satisfied by u by and integrating yields 


4(fc-l) [ 

{k + 1)^ JSo(2) 



^ dx 





\Vr]\^u^+^dx 


Let 0 < r < i? < 2. Assume that p is compactly supported in Bo{R), that it 
equals 1 in Bo{r) and that it satisfies \p\ < 1 and \Vp\ < in Bq{2). It is then 
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easily seen that there exists C 2 > 0, depending only on ||h||j;,oo(Bp(2)), ||a||L«>(_B(j(2 )), 
1I/1Il“(So( 2)) and M such that 


[ - rfhu^+^ dx < Cz ( [ 

Jbo{2) \Je 


fc + 1 




Bo(fi) 


and 


[ \yrj\^u’^+^dx<C2{R-r)-^ I [ u’^+'^dx 

Jbo{ 2 ) \dBo{R) y 


Independently, Sobolev’s inequality shows that 


/ {tju ^ Y < K 
Jbo{2) 

for some K > 0 which leads to 


'Bo{R) 


V(?7U 2 ) 


dx 


Bo (2) 


< C 3 


iVryl^u'^+'da; + / r]^\Vu"^\^dx 

iBo(R) Jbq(2.) , 


for some positive C3. We now let 7 = fc + 1 > 2* + 3 and X = ^ • Combining the 
above estimates, we obtain that 




( 6 . 2 ) 


for some positive constant depending only on M, ||h||ioo(3j,(2))i l|a||L“(Bo(2)) 
and ||/||l~(Bo( 2))- We now pick some 0 < r < 2 and define two sequences 7^ and 
by 7i = X*7 and tq = 2,7’i+i = n — {2 — r)2“®“^. Inequality (16.21) then gives that, 
for any i > 0: 


lL''i+i(Bo(ri+i)) < 


^2.2x^7 


(2-r)= 


^ 

I x't 
'L'-'i(Bo{ri)) 


and we thus obtain that there exists some constant Cq > 0 depending on 
l|a||B“(Bo(2))i II/IIl”(Bo( 2)) and M but which does not depend on r nor on 7 such 
that 

Ce 

\W\\L~<i{Bo{ri)) < — I k ll^llL’-f(Bo(2)) 

12 — r) ^^=0 'y ^ 

for all i > 0, where at = 01(7) = 01=0 ~ ’ Passing to the limit as i —>■ 00 

we thus obtain: 

ll'a||B“(Bo(r)) < — ^II^IIl7(_Bo( 2))' (b-^) 

(2 — r) 7 

To conclude the proof of Proposition 16.11 we need to improve estimate (16.3p . Let 
1 < p < 7. There holds: 


(2 r) T" ||u||^-,(^jj(2)) ^ (2 ^ ll^llL=o(B(,(2))ll'a|lLP(Bo(2))’ 

so that a Young inequality of exponents 73^ and ^ combined with (16.31) yields, 
for any e > 0: 


|L“(Bo(r-)) < C'eCT'-P^I 


(7- p)q 

I 7-pa I 

Il“(Bo( 2 )) + 


—"“||w||lp(Bo(2)). (6.4) 

(2 — r) 7 
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It is easily seen that 0 ( 7 ) —)> 1 as 7 —?> 00 . Hence, choosing e = {2 Cq)~^ one can 
then pick 7 large enough (depending on a, h, f and M) so as to have, in (I6.4|l . for 
any p > 1: 

2 

l|M||Loo(Bo(r)) < 2 ||m||l~(Bo(2)) + ^7(2. - r)~^\\ u\\lp{Bo{2)) , 

where C7 and ^ > 0 only depend on \\h\\Loa^Boi2)), l|a||L=o(Bj,( 2 )), ||/||l=o(Bj,( 2 )), p 
and M. The conclusion follows using Lemma 4.3 in Han-Lin □ 

7. Standard elliptic theory for the Lame operator in M 

We deal in this subsection with several properties of the Lame operator Ag on 
{M,g). It is a differential operator between sections of the cotangent bundle T*M. 
If X is a I-form in M, Ag writes in coordinates as: 

^gXi = + V^V,X^ - ^V^{divgX). 

If we write formally AgX(x) = L{x, V)X then the principal symbol of the operator 
Ag at some point x € M and for some ^ G T^M is given by the determinant of the 
map L{x,^) seen as a linear endomorphism oiT*M. Thus there holds 

|L(x,e)|=(2-^)|C|f (7.1) 

which shows that ^ is uniformly elliptic in M. It also satisfies the so-called strong 
ellipticity condition (also called Legendre-Hadamard condition) since for any x G M 
and any r] gT*M: 

{L{x,OvW = mlHl + (1 - ^) • ( 7 . 2 ) 

Since M is closed, integrating by parts, one gets that, for any 1-forms X and Y, 

[ (AgX,Y)gdVg = \ [ {C g X, C gY) g dv g . (7.3) 

In particular, (17.3|) shows that Ag is self-adjoint in H^{M) (we still denote the 
Sobolev space of 1-forms by H^{M) since no ambiguity will occur) and that there 
holds in M 

'AgX = 0 7 = 7 . CgX = 0 (7.4) 

for any 1-form X. Fields of 1-forms in M satisfying CgX = 0 are called conformal 
Killing 1-forms and by (USD and standard Fredholm theory the set of those 1-forms 
is finite dimensional. With (17.21) . (17.31) and (17.41) standard results of elliptic theory 
for elliptic operators acting on vector bundles on closed manifolds apply, see for 
instance Theorem 27, Appendix H in Besse [4], or Theorem 5.20 in Giaquinta- 
Martinazzi [21]. In particular, for 1-forms which are L^-orthogonal to the subspace 
of conformal Killing 1-forms, we have the following estimates : 

Proposition 7.1. For any p > 1 , there exist constants Ci = Ci{g,p) and C2 = 
C2{g,p) depending only on g and p such that for any 1 -form X in M: 

||A||^y 2 ,p(jvf) < Cill AgX||ip(M) + C' 2 ||A||il(M). 


(7.5) 
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If, in addition, X satisfies 


[ {X,K) 


gdVg = 0 


(7.6) 


JM 

for all conformal Killing 1-form K, then, for any p > 1, we can choose C 2 = 0 in 

(ESI). 


8. Green functions for Lame-type systems 
We define, for 1 < i < n, a 1-form Hi in R"’\{0} by: 

(<=>" - ) <»■'> 

for any y ^ 0. Note that the matrices {Qi{y)j)ij thus defined are symmetric: for 
any y ^ 0, 

Giiy)] — Sjiy)i- (8-2) 

Let X be a field of 1-forms in R". Integrating by parts and using Stoke’s formula 
it is easily seen that for any i? > 0 and for any x S Bo{R) there holds: 

Xi{x) = [ Giix - y)j'^^X{yydx + [ C^X{yy'‘Vk{y)Qi{x - y)ida 
JBoiR) JdBo(R) 

-f C^{g^{x--))^yy)v{yfX{yyda. 

JdBo(R) 

(8-3) 

This means in a distributional sense that 

*)) — j 

where Ci is the f-th vector of the canonical basis and there holds, for any 1-form Y: 
(Sa;ei,Y) = Yi(x). Equivalently, if we write Q{x,y) = {Qi{x - y)j)i<ij<n, we get 
that 

•) = 4Id , (8.4) 

where Aj is now seen as a matrix of differential operators acting on a distribution¬ 
valued matrix. Note that the standard results of distribution theory easily extend 
to distribution-valued matrices, see for instance Schwartz |40) . 

If now X is some smooth field of 1-forms in L^(IR"), the 1-form defined in R" by 

Wi{x)= f giix-y)jY^{y)dy = {g*Y)yx) 

JR^ 

satisfies in a weak sense, because of (lO) : 

'A^wyx) = Y^x) . (8.5) 


The system (12.11) we are interested in in this article is invariant up to adding to 
Wa some conformal Killing 1-form in M. We exploit this invariance all along the 
article by noting that the only relevant quantity to investigate is CgWa and not 
the 1-form Wa in itself. In particular we use several times a Green identity for 
with Neumann boundary conditions that is proven in what follows. We let 

Kr = {X& H\Bo{R)),C^X = 0} 


( 8 . 6 ) 
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be the Kernel subspace of 1-forms associated to the Neumann problem for 
in Bo{R). The orthogonal subspace of Kr in Bo{R) is the set of 1-forms Y S 
H^{Bq{R)) such that for any K G Kr : 


'BoiR) 


{Y, K)^dx = 0. 


Elements of Kfi are infinitesimal generators of conformal transformations of Bq (R) 
and are classified, see Schottenloher [39]. In particular Kn is finite dimensional, 
dirnKTij = i(n-|-l)(n-|-2), and it is spanned by smooth 1-forms. Let m = ^{n+l){n+ 
2) and (Kij)j=i...m be an orthonormal basis of Ko{R) for the L^-scalar product, that 
is 

[ {Ki,Kp)^dx = Sip. 

JBo(R) 


Given a 1-form X G H^{Bo{R)) we shall denote by nR{X) its orthogonal projection 
on Kr given by: 


7TniX)=f2i [ {K„X)dx]K,. 

j=l VBoiR) J 


(8.7) 


The following proposition states the existence of Green 1-forms satisfying Neumann 
boundary conditions: 


Proposition 8.1. For any 1 < i < n and any R > 0 there exists a unique Gi,R 
defined in Bo{R) x Bq{R)\D, where D = {{x,x),x G Bq{R)}, such that Gi,Rix,-) 
is orthogonal to Kr for any x G Bq{R) and such that for any smooth 1-form X in 
Bq{R) there holds: 

{X - Trii{X))^{x) = [ Gt,R{x,y)j'A^X[yydx 

JBoip 

+ / C.(.X{yf'‘Vk{y)Gi,R{x,y)ida , 

JdBo(R) 

where 'kb.{X) is as in (18.711 . Moreover Gi,R is continuous and continuously differ¬ 
entiable in each variable in Bq(R) x Bq{R)\D. Furthermore, if K denotes any 
compact set in Bo{R) and if we let 

S = ^d{K,dBo{R)) > 0 (8.9) 

R 

there holds: 

\x - y\\^Gi,R{x,y)\ -f \Gz,R{x,y)\ < C{5)\x - yp"” (8.10) 

for any x G Bq{K) and any y G Bq{R), whether the derivative in (18.101) is taken 
with respect to x or y, and where C{S) is a positive constant that only depends on 
5 as in dHSj) (in particular it does not depend on x). 


Proof. The proof of this proposition goes through a sequences of claims. The tech¬ 
niques used are strongly inspired from Robert Ell- 

Claim 8.2. Let F and G be smooth 1-forms, in Bq(R) and in ORq^R) respectively, 
satisfying: 

I FiK^d£,+ I GiK^da = 0 (8.11) 

JBo{R) JdBo{R) 
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for any K G Kr, where Kr is as in (18.6p . Then there exists a unique smooth 
1-form Z orthogonal to Kr such that 


A^Z = F Bo{R) 

u^C^Zki = Gi dBo{R). 


( 8 . 12 ) 


Proof. The existence and uniqueness of Z is ensured by the Lax-Milgram theorem 
applied on the orthogonal complement of Kr to the symmetric bilinear form 

BiX,Y) = l- f {C^X,C^Y)dx 
^ JBo(R) 

and to the linear form: 

L{X) = [ FiXUf - [ GiX^da. 

Jbo{R) JdBo(R) 

The coercivity of B{X,X) on the orthogonal complement of Kr follows from the 
definition of Kr and is obtained via the direct method. We claim now that Z is 
smooth in Bq{R). This is a consequence of general elliptic regularity results up to 
the boundary for elliptic systems satisfying complementing boundary conditions, as 
stated in Agmon-Douglis-Nirenberg [T]. Due to (ED and (17.2p the problem (18.121) 
is complemented so that Theorem 10.5 in Agmon-Douglis-Nirenberg [T] applies and 
shows that Z is smooth. □ 


For any 1 < i < n and any x G Bq{R) we let Dj", be the unique 1-form in 
F[^{Bo{R)), orthogonal to Kr, satisfying: 




1=1 


kl 


BoiR) 

dBoiR). 


(8.13) 


The existence and smoothness of is ensured by Claim [H2I Indeed, the compat¬ 
ibility condition (18.111) is satisfied by applying (18.31) to any K G Kr. 

We now let, for x ^ y: 

Gz,R{^’y)=Sz{x-y) + Ui^,^{y)-^( f {Kj,gi{x-■))dy] Kj{y), (8.14) 

\JBoiR) J 

where Gi is as in m- By construction, Gi^Rix, •) is a 1-form defined in i3o(7?)\{x}. 
It clearly belongs to L'^{Bo{R)), is orthogonal to Kr and continuously differentiable 
in ilo(A)\{a;}. Combining (18.31) and (18.131) it is easily seen that (18.81) holds. The 
next three claims aim at finishing the proof of the proposition. The first one is a 
uniqueness result. 


Claim 8.3. Assume that for some 1 < i < and for some x G Bo{R) there 

exists a 1-form Mi in M{Bq{R)) such that for any X G G^{Bq{R)) satisfying that 
L^Xuv^ = 0 on dBo{R) there holds: 

( {M,,l^X)^df={X-n{X))^{x). 

JBo{R) 

Then Gi,R(x, •) — Mi G Kr, where Kr is as in (EH). 


(8.15) 
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Proof. Let Fi = Gi,R{x, •) — Mi. Let F be a smooth 1-form with compact support 
in Bo{R). By Claim [8?^ there exists a smooth 1-form X in Bo{R) such that A^X = 
Y — ttr{Y) in Bq{R) and C^Xkiv^ = 0 in dBQ{R), where ttr is as in (18.71) . Using 
(18.81) and (18.151) there holds: 

0 = f {F,,l^X)^d^= [ {F,,Y-7rR{Y))^dC= f {F, - TTR{F,),Y)^df 

JBoiR) JBo{R) JBo(R) 

by definition of ttr. Assume for a while that Fi belongs to LP{Bq{R)) for some 
p > 1. A density argument then shows that Fi = ■nR{Fi). 

It thus remains to prove that Fi G Lp{Bq{R)) for some p > 1. We only need to 
prove this for Mi. Let p G (1, and define q = Let F be a smooth 1-form 
compactly supported in Bq{R). By Claim [5^ there exists a smooth 1-form X in 
Bq{R), orthogonal to Kr, such that = Y — -kr{Y) in Bq{R) and Ci^Xuv’^ = 0 
in dBo{R). Then the definition of ttr and (18.151) yield: 

[ (M,-7rfi(M,),F)5de = 

JBaiR) 


Elliptic regularity results for complemented elliptic systems, as those stated in the 
proof of Claim 18.21 show that there exists a constant C only depending on q such 
that ||A||^ 2,5 < CjlF —7r/j(F)||j;,<! where we omit to say that these norms are taken 
on Bq{R) for the sake of clarity. Since g > ^ we thus obtain, using the Sobolev 
inequality for the embedding of in C^{Bq{R))\ 


[ (M„F-7rfl(F))5de 

JBn(R) 


'Bo{R) 

I 

JBo(R) 

Xi(x). 


(M„ A^X}^d^ 


'Bo(H) 


{M,-TTR{Mi),Y)^de, 


<C\\Y 


^r(F)||l, <C||F|U,. 


A density argument then shows that Mi—TTR{Mi) and thus Mi belongs to LP{Bo{R)) 
for allpG (1,;;^). □ 


We now state some rescaling-invariance property of the Green 1-forms Gi,R. 

Claim 8.4. For any i? > 0 there holds: 

GiAx, y) = ^Gi,i (8.16) 

for any x,y G Bo{R). 

Proof. Let F be a smooth, compactly supported 1-form in Bq{R). We define, in 
i3o(l), Yr = Y{R-), which is then compactly supported in Bo{l). Let x G Bo{R) 
and 1 < i < n. Equation (j8.8|l shows that 

{Yr - n,{YR))^ (I) = ^ (|, y) , ^iYRiy))^ d^ (8.17) 

Since for any y G i?o(l) there holds ^^YR{y) = R^~K^Y{Ry) we easily obtain: 

1,1, (e,i {HL.IL) .AY[y)) 









THE EINSTEIN-LICHNEROWICZ CONSTRAINTS SYSTEM 


57 


Let now (Lj)i<j<m be an orthonormal basis for Ki, where Ki is as in (|8.6I1 . Let 
Zj = R~^Lj (■^) for any 1 < j < m and any x G Bo{R). Then {Zj)i<j<rn is an 
orthonormal basis for Kn since there holds 


[ {Zk,Zi)^d^= [ / {Lk,Li)^d^ = Sti. 

JBo(R) JBn(R) JBo(l) 


'Bo(R) 


Bo(l) 


Hence one has, by definition of tt/j: 


-,(r)(x) = ± (I) (|) 


f=l 

m 

= E 

i=i 


/ {Lj{y),YR{y))dy 
'Boil) ) 


In the end l|8.17|) becomes: 

(F - 7r/j(r)) Jx) = dy. 

Finally, ^Qi,i is orthogonal to Kr: indeed for 1 < j < m there holds: 

f (E-l )= R^ f {GiA^,y),Ljiy))^dy 

JBoiR) \R RJ \RJ / ^ JBoil) b: 

= 0 , 


where the last equality is true since is orthogonal to Ki by definition. 

Using Claim [S751 we then obtain (18.161) . □ 


The last ingredient of the proof is a symmetry property oi Qi^R : 

Claim 8.5. For any x,y G Bq{R) there holds: 

Gt,RA,y)j =Gj,R{y^Ai-'^R{Azi-,x))^ (8.18) 

where we have set: 

A^{■,x)J{y) = GjMy^Ai- (8-19) 

Proof. Let di G C^(Bo(R)) be a 1-form orthogonal to Kr. We define a 1-form in 
Bo(R) by 

Hi{x) = [ Gj,Riy,x)i'^{yydy. ( 8 . 20 ) 

JBoiR) 

By the explicit construction of G^r in (18.141) it is easily seen that H is continuous 
in Bq{R). Also, H is orthogonal to the conformal Killing 1-forms since by Fubini’s 
theorem, for any K G Kr, 

[ Hyy)Kyy)dy= [ (z) [ Gj,R(z,y)iK\y)dydz = 0 (8.21) 

JBoiR) JBoiR) JBoiR) 

since by construction Gj,R{z, •) is orthogonal to Kr for any 2 ; G Bo{R). By Claim 
18.21 and since is orthogonal to Kr we can let F be the unique 1-form in Bo(R) 
orthogonal to Kr satisfying A^F = vp in Bo{R) and C^F^iA = 0 in 9i?o(i?). Let 
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also $ be a smooth 1-form such that = 0 on dBo{R). With Fubini’s 

theorem, equation (j8.8l) and using the properties of 'b and $ there holds: 


/ H,{y)A^^\y)dy = gj^R{z,y)iA^^\y)dydz 

iBoiR) JBo{R) JBoiR) 


'Bo(R) 


'^^{z) (d) - 7rfl;($)) ■ {z)dz 


iBoiR) 


{z)^j{z)dz 


'Bo(R) 


^j{z)A^F^{z)dz 


= F,iz)A^^^{z)dz, 

JBoiR) 

where we integrated by parts to obtain the last inequality since the boundary terms 
vanish. In particular: 

[ {H- F). {y)dy = 0 

JBoiR) 

for any smooth $ with = 0 on dBo{R). Note that by a density argument 

the above inequality remains true for $ S W^’P{Bq{R)) for any p > 1 and orthog¬ 
onal to Kr. By construction F is orthogonal to Kr and thanks to (18.211) so is 
FI. By Claim [5^ we can thus choose $ to be the unique 1-form orthogonal to Kr 
satisfying = F — H in Bo{R) and = 0 in dBQ{R) to obtain, with the 

above inequality, that F = H. Independently, using (|8.8I1 gives: 


so that 


IBoiR) 


Fi{x)= [ Qi,R{x,y)j'^i>{y)dy 
JBoiR) 

{Q],R{y,x)^ - Qi^R{x,y)j)'i’i>{y)dy = 0 


( 8 . 22 ) 


for any continuous Killing-free dt. Let now X be any smooth 1-form in Bq{R). 
Choose dt = X — TrR{X). There holds 


IBoiR) 

m 

= E 


Qj-MUi x)i'KR[XY {y)dy 


p=i 


BoiR) 


Qj.,R{y,x), 


IBoiR) 


{Kp{z),X{z))^dz Kp{yydy 


= E/ 

p=l J BoiR) 


= E 


I BoiR) 


Gj,R{y,x)iKp{yydy Kl{z)dz 


_ Xi{z)'KR ygi{-,x)) {z)dz , 

p=l J BoiR) 

where x) is as in (18.191) . Since Gi,Rix, •) has no conformal Killing part, equation 
(18.221) becomes: 

f (Gj,Riy,x)^ - Gi,R{.x,y)j - -kr yGi{-,x))^ (y)) Xyy)dy = 0 
JBoiR) ^ ' 
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for any smooth 1-form X and this concludes the proof of the claim. □ 

We are now able to end the proof of ProDOsition l 8 .ll Let x G Bo{l) and consider 
[/I 3 , as defined in (18.131) . Since is coercive on the orthogonal of Ki we can use 
elliptic regularity results - as those stated in the proof of Claim 18.21 - to get that 
there exist positive constants Ci, C 2 that do not depend on x such that 

^ - ■),iy ^ -Wc^dBoiR)) > (8.23) 

where we have let {£^Gi{x — ■),i'(Si ■)[ = v^C^{^Gi{x — Let K be some compact 
set in ilo(l) and assume x G K. It is easily seen by the definition of Qi as in (18.11) 
that 

\\B^Qi{x - ■),v® •||cHaBo(«)) ^ G!zd {K, dBQ{l))^ 

for some positive constant C 3 independent of x. By the definition of Gi,i{x,-) in 
(18.141) one therefore easily obtains that ior x G K and y G Bo{l): 

\x - y\\yyGi,i{x,y)\ + \Gi,i{x,y)\ < C{5)\x - yp"" , (8.24) 

where 5 is as in (I 8 J 1 ) . This gives (18.101) when the derivative is taken with respect 
to y. The same estimate when the derivative is taken with respect to x is obtained 
differentiating (18.181) and combining with (18.241) . Finally, (I8.10p for any positive R 
is obtained combining (18.241) with Claim 15^ □ 
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